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PREFACE. 



The use of mfimtehj small gimntUies, which 
was first introduced into the higher departments 
of Mathematics, has been gradually creeping 
downwards, and elementary writers are rapidly 
becoming reconciled to it. But at the same 
time, the uncompromising advocates of the an- 
cient rigor of demonstration have, by their at- 
tacks, induced some mathematicians to waste 
much time in disguising the principles of the 
Differential Calculus under a form of words, in 
which the term "infinitely small" does not occur. 
The value of this labor may be duly estimated 
from the inconsistency of one, who has ostensi- 
bly discarded the infinitesimal doctrine from his 
theory of the Calculus, and introduced it into 
his treatise of Geometry. With all its boasted 
rigor, the ancient Geometry can indeed lead to 
no result more accurate, none more to be de- 
pended upon, than those of the infinitesimal the- 
ory ; and I doubt if any well constituted mind, 
well constituted at least for mathematical inves- 
tigations, ever reposes with any more confidence 
upon the one than upon the other. If there were 
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any error involved in tlie latter theory, it must 
not only be infinitely small, but must remain in- 
finitely small after all the magnifying processes to 
which it could possibly be subjected. But there 
is no error ; for, if we suppose that there be an 
error which we may represent by A, since the 
aggregate of all the quantities neglected in ar- 
riving at the result Is infinitely small, that is, as 
small as we choose, we may choose it to be 
smaller than A; and, therefore, the error Jl is 
greater than the greatest possible error which 
could be obtained, a manifest absurdity, but one 
which cannot be avoided as iong as Ji is any 
thing. 

The term direciioix is introduced into this trea- 
tise without being defined ; but it is regarded as 
a simple idea, and to be as incapable of definition 
as length, breadth, and thickness ; and this inno- 
vation will probably be pardoned, when it is seen 
how much it contributes to the brevity and sim- 
plicity of demonstration, which I have every- 
where studied. 

BENJAMIN PEIRCE 
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EXPLANATION OF SIGNS, 



OF SOME USEFUL FROPOSITIOKS IN THE DOCTRINE OF 
PROPORTIONS. 



The sign + is plus, or added to. Thus /J -f B is Jl 
added to B. 

The sign — is minus, or less. Thus, A — BisJi less B. 

The sign X is multiplied by. Thus, ^ X B is ^ multi- 
plied by B ; and the period ( . } is ulso the sign, of multi- 
plication. 

The aign -^ or : is divided by. Thus, Jl -^ B or A : B 
Is Ji divided by B. The quotient of A divided by B may 

also be written --. 

The siga = h equal to. Thus, ^ = B is >4 equal to B; 
and the expression in which this sign occurs is called an 
equation. 

The sign > is gi-eater than. Thus, /J > B is ^ greater 
than B. 

The sign < is less than. Thus, ^ < B is ^ less than B. 

Jl^ indicates the second power of A, A^ the third power, 
&c. 

A ratio or fraction is the quotient of one quantity divid- 
ed by another, and is usually written with the sign ( : ). 
Thus (he ratio of ^ to B is ^ : B, or it may just as well 

bo written in the form of a fraction, as — . 

The first term of a ratio is called the antecedent, and 
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xvi EXPLANATION OP SIGNS, &C. 

Iho secon<l the consequent. Thus, M is the antecedent of 
the preceding ratio, and B its consequent. 

Tlie value of a ratio is not altered by midtiplyiug or 
dividing both its terms by the same number. Thus, A : B 
is equal tomX-3: m X B. 

^proportion is the equation fovmed by two equal ratios. 
Thus, if the two patios Jl : B and C : B are equal, tlie 
equation Jl : B = C : D 

is a proportion, and it may also be wiilten 

B D' 

The first and last terms of a proportion are called ita 
extremes ; and the second and third its means. ThuSj A 
and J) are the estremes of this proportion, and U and C 
its means. 

Theorem f. The product of the means of a proporlio'i tf 
equal to the produet of its extremes. 

Proof. If the fractions of a proportion 
^ : B= C : D 
are reduced to a common denominator, they give 
^X D_ B X C 
BxD BxD 



Ax Ti = B-x C. 
This proposition is called the lest of proportions. 

Theorem II. If fovr quantities are such that the product 
of the first and last of them is equal to the 'product of the 
second and third, these four quantities form a proportion 

Proof. Let Jl, B, C, I>, be such that 
^ X O = B X C. 
Dividing by B X D we have 

^_x n _ BX c 
BxD Bxii' 
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EXPLANATION OF SIGNS, &C. xvil 

which) reduced to lower terms, and wi'itten in the Ibrni 
of ratios, ia 

Ji:B^C:D. 

Corollary. The lerms of a proporlion may be transposed 
in any way, provided the product of the mtaits is retuined 
equal to that of the extranes, and ilie propo)-lion will not be 
destroyed. 

Thus, the preceding proportion gives, by transposition, 
A : C ^ B : D, 
ii : ^ = D : C, 
B : D^A : C, &.c. 
If both the means of the proportion are of the same 
magnitude, tliis mean is called the mean pr(^oriional be- 
tween the extremes. Thus, if 

A : B ^ B : D, 
iJ is a mean prSportional hetweeii u3 and D. 

Theorem HI. The meai: proportional between two quan- 
tities is the square root of their product. 

Proof. The apphcatton of tlio test to the preceding 
proportion gives 

B^ = ^ X D, 
the square root of which is 

B=Z (^ X -O). 
A succession of several equal ratios is called a continued 
proportion. Thus, 

Jl : B=C : D^E :F=&c. 
is a continued proportion. 

Theorem IV. The sum of any number of antecedents of 
a conlimied proportion is to the snm of the corresponding con- 
sequents as one antecedent is to its consequent. 

Proof. Denote the common value of the ratios in the 
above continued proportion by M, we have 
6* 
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XviiJ EXPLANATION OF SICNS, &C. 

.¥=.2 : B= C : J3 = &c. ; 
whence 

E=^F X M,&i.c. 
and tlio sum of these equations is 

^4- c + s-fscc. = {jB + i> + ^-|-£ic,) X -iW"; 

whence 

Jl + C+E^Uc. A C 

B 4- U + jP 4- &c. ^ -^^ £ ^ JJ "" ^"^■ 

Corollary. The sum of the antecedents of a proporlioit 
is to the sum of Us comeqttents as either antecedent is to its 
consequent ; and the difference of the antecedents is to the 
difference- of the consequents in ike same ratio. 

Theorem V. The sum of the antecedents of a proporfwn 
is to their difference, as the sum of the consequents is to tlieir 
difference. 

Proof The proportion 

A: B=C :D 
gives, by the preceding proposition, 

JlJ^C:B-\-I)^A—C:B — D 
whence, hy transposing the means, 

Ji-\- C -.A— C^B + D -.B — D. 

Theorem VI. The sum of the first two terms of a pro- 
portion is to the sum of ike last tivo as the first term is to the 
third, or as the second is to the fourth ; and the difference of 
the first two terms is to the difference of the last tteo in the 
some ratio ; also the sum of the first tioo terms is to their 
difference as the sum of the last Itvo is to their difference. 

Proof. The proporfion 

^:B= : D 
gives, by transposing the means. 
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Jl : C=-B : D; 
ich we ohtain, by the pvecediiig pvo positions, 
C-\-D = Ji~B:C^I) = Ji:C = B:D 



a.-\-B 

9-\-B 

Two proportio 



A:B = C:I) 



E: F=^G : H, 

mny evidently be multiplied together teria, by term., and the 
rustdt 

^XE -.BxF^Cx G = DX H 
is a new proportion. 

Likewise, a proportion may be multiplied by itself any 
number of times in succession, and the squares, cubes, 
fourth powers, Sfc. of the teiins form a itew proportion. 
Thus, the proportion 

^ ; B=- C 1 D 



^2 ; 



3 = C^ 
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GEOMETRY. 



GENERAL REMARKS AND DEFINITIONS. 

1. Definition. Geometry is tbe Science of Position 
and Extension. 

2. Definition. A Point has merely position, with- 
out anj extension. 

3. Definition. Extension has three dimensions : 
Length, Breadth, and Thickness. 

4. Definition, A XAne has only one dimension, 
nameJy, length. 

5. Definition. A Surface has two dimensions ; 
length and breadth, 

6. Definition. A Solid has the three dimen.sions of 
extea.sion ; length, breadth, and thickness. 

7. Scholium. The boundaries of solids are surfaces, 
the limits of surfaces are lines, and the extremities of 
lines are points. 

The Point, then, on account of its simplicity, deserves 
our first consideration. 
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PLANE GEOMETRY. [CH. II. § 10 
n or ii Point ; its Direction and Diatince. 



CHAPTER II. 

THE POINT. 



8. The Position of a Point is determined by ils Di- 
rection and Distance from any known point ; in other 
words, the Elements of its Position are Direction and 
Distance. 

RemarJes. The Direction of a Point is I'eadily ascer- 
tained without any change in the position of the observer, 
whereas the determination of its distance is often moro 
difficult, as it requires some change of place proportion- 
ate to the distance to be measured ; thus, the direction 
of a star is seen at a glance, while the most piofound 
science and the most accurate observations have not en- 
abled the astonomer to ascertain its distance. 

9. The Direction of a Point from the observer may 
be determined by a reference to some known direc- 
tion, such as that of the zenith, the pole-star, &c. 

The method by which one direction may thus be re- 
ferred to another will be more definitely treated of in a 

10. The Distance of a Point from the observer is 
the length of the shortest line drawn to the point; and 
it may be determined by a reference to 'some loiown 
length, such as an inch, a yard, a metre, a mile, &c. 
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riiiglit and Curved Lines; the Plane. 



CHAPTER III. 
THE STRAIGHT LIKE. 

11. Definition. The Direction of a lAne in any 
part is the direction of a point at that part from the 
next preceding point of the line. 

a. Thus the direction of the line AB (fig. 1) at P is the 
same as the direction of P from O. 

b. In the same way, the direction of the hne at P is the 
same as that of from P, or the opposite direction lo the 
preceding ; and, consequently, a line has two different di- 
rections exactly opposed to each other, either of which 
may be assumed as the direction of (he line. 

12. Definition. A Straight line is one, the direc- 
tion of which is the same throughout, as -AB (fig- 2). 

13. Definitions. A Broken or Polygonal Line is 
one, which is composed of straight lines, as JIBCD 
(fig. 3). 

A Curved LAne is one, the direction of which is con- 
stantly changing, as AB (fig. 1). 

14. Definition. A Plane is a surface in which any 
two points being taken, the straight line joining those 
points lies wholly in that plane. 

15. Axiom. The direction of any point of a straight 
line from any preceding point, is the same as the di- 
rection of the line itself. 

Tliua the direction of P or B (fig. 2) from ^ or ^ is 
the same as that of the line AB. 
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16, Theorem. The position of a straight line is de- 
termined by means of two ])oinIs. 

For, hy the preceding axiom, these two points deter- 
mine its direction. 

17. Theorem. All the points which lie in the same 
direction from a given point are in the same slraight 
line. 

Proof. Thus, if P and M (fig. 2) are in the same di- 
rection from .5, the two straight lines AP and .^Jlf must 
likewise, by ^ 15, have the same direction, and must con- 
sequently coincide in the same straight line. 

IS. Jixiom. A slraight line is the shortest way from 
one point to another. 



CHAPTER IV. 

THE AKGLE. 

19. Definitions. An Jingle is formed by two lines 
meeting or crossing each other. 

The Vertex of the angle is the point where its sides 
meet. 

The magnitude of the angle depends solely upon the 
difference of direction of its sides at the vertex. 

a. The magnitude of the angle docs not depend upon 
the length of its sides. Thus the angle formed by the 
two lines .&B and JIC (flg. 4) is not changed by short- 
ening or lengthening either or both of these lines. 
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b. The method of denoting the angle is by the three 
letters BAC, the letter A. which is at the vertex being 
placed in the middle ; or the letter A may he used hy it- 
self, when tliis can be done without confusion, 

20. Definition. When one straight line meets oi- 
crosses another, so as to mnke the two adjacent angles 
equalj each of these angles is called a Right angle, and 
ihe lines are said to be perpendicular to each other. 

Thus the angles ^BC and ABD (fig. 5), being ei^iial, 

21. Definitions. Aa Jlcute angle is one less than a 
right angle, as A (fig. 4). 

An Obtuse angle is one greater than a right angle, as 
^(fig. 6). 

22. Definitions. The Complement of an angle is the 
remainder, after subtracting it from a right angle. 

The Supplement of an angle is the remainder, after 
subtracting it from two right angles. 

23. Theorem. When one straiglit line meets or 
crosses another, the two adjacent angles are supjilc- 
ments of each other, and the vertical angles are equal 
to each other. 

Proof. Let AB and CD (fig. 7) be the two lines. The 
adjacent angles APC and APD are supfjlements, for, 
if the perpendicular PMhe erected, we have, by insjiec- 

APC + APD^MPC + MPD 
= two right angles. 

6, In the same way, APC and BPC may be proved to 
bo supplements of each other ; and therefore the vertical 
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ArtjjccTH nnd CerlicFil Angles. Sum of iili llie Angles "bout a Point. 

angles ^PD and BPC must he equal, since they have 
tho same supplement APC. 

In the same way, it may be shown that the vertical 
angles APC and BPB are equal. 

c. Corollary. If either of the angles ^PC, ^PC, BPC, 
or BPD is a right angle, the other three must also be 
right angles. 

d. Scholium. Aa a straight line has two different direc- 
tioDS exactly opposed to each other, it is not unfrequently 
considered as making an angle with itself equiil to two 
right angles. 

24. Corollary. If the two adjacent angles APC 
and JiPD (fig. 8) are supplements of each other, (heir 
exterior sides PC anii PD must be in tlie same straight 
line. 

25. Theorem. The sum of all the successive angles 
APB, BPC, CPD, JDPE (fig. 9), formed in a plane, 
on tho same side of a straight line ,SE, is equal to two 
right angles. 

Proof. For it is equal to the sum of the two right 
angles ^PM, MPE, formed by the perpendicular PM. 

26. Theorem. The sum of all the successive an- 
gles APB, BPC, CPU, DPE, and EP.1 (fig. 10), 
formed in a plane about a point, is equal to four right 
angles. 

Proof. For it is equal to the sum of the four right 
angles MPJV, JVPM', M'PJV, JVPM, formed hy the two 
perpendiculars MM' and JVW. 
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CHAPTER V. 

PARALLEL LIKES - 

27. Definition. Parallel Lines are straight lines 
which have the same Direction, as ,AB, CD (fig. 11). 

28. Theorem. Parallel lines cannot meet, however 
far they are produced. 

Proof. Thus the two lines JIB and CD (fig. 1 1) cannot 
meet at P ; for, if two strsilglit lines are Urawii through 
P, in tlie sama direction, they roust coincide and form 
one and the same straight line. 

29. Theorem. Two angles, as ^ and B (fig. 12), 
are equal, when they have their sides parallel and di- 
rected the same way from the vertex. 

Proof. For, as the directions of BD and BF are respec- 
tively the same as those of ^C and ^E, the difference of 
direction of C D and UF must be the ssime as that of AE 
and AC ; that is, by ^ 19 the angle A is equal to the an- 
gle B. 

80. Theorem. If two parallel lines ^B, CD (Rg. 
13) are cut by a third straight line JEF, the external' 
internal angles, as EMB and EJ^D, or BMF and 
DJVF, are equal, and the alternate-internal angles, as 
^MJ^ and J\I^''D, or BMJT and MJ^C, are also 
equal. 

Proof, a. The extern a!- ill tern a! angles are equal, be- 
cause their sides have the same direction. 



HnslcdhyGoOgIC 



, GEOMETRY, 



It. The alternate-internal angles are equal, as JiMJVaiiil 
MKD because ^Jl/JV is, by ^ 23, equal to its vertical 
angle EMB, which has just been proved equal to MKD. 

3L Theorem. If two straight linos, lying in the 
same plane, as AB, CD (fig. 13), are cut by a third, 
EF, so that tiie angles EMB and EJ^D are equal, or 
^J/JVand Ji/JVBare equal, &c. ; the lines JlB, CI) 
must be parallel. 

Proof. For the line, drawn through the point .M parallel 
to CD, must make these angles equal, and must therefore 
coincide with AD. 

32. Theorem. If two parallel lines MB, CD (fig. 
1 3) are cut by a third straight line EF, tlie two interior 
angles on the same side, as B^,fJVand MJ^D, are sup- 
plements of each oiher. 

Prodf. For BMJV is, by ^ 23, the supplement of its 
adjacent angle EMB, which jg equal to 31JVD. 

33. Theorem. If two straight lines, lying in the 
same plane, as AB and CD (fig. 13), are cut by a 
third, EF, so that the angles BMJ^' and MJTD are 
sijppiements of each other, the lines AB, CD must bo 
parallel. 

Proof. For the lino, drawn through the point M paral- 
lel to CD, must make these angles supplements to each 
other, and must therefore coincide with All. 

34. Theorem. If a straiglit line is perpendicular to 
one of two parallels, it must also be perpendicular to 
the other. 

Proof. Thus, if EMB (fig. 14), is a right angle, its 
equal EJVD must also be a rigJit angle. 
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35. Theorem. Reciprocally, if two straight lines, 
lying ia the same piano, are peipendlcular lo a third, 
they are parallel. 

Proof. For the line, drawn through the point Jli paral- 
lel to CD, must be perpendicular to EF, and must there- 
fore coincide with JIB. 

36. Theorem. If two straight lines, as ^B, CD 
(fig. 15), are parallel to a third, EF, they are parallel 
to each other. 

Proof. For, by the definition of parallel lines, they 
have the same direction with this third, and are therefore 
parallel. 



CHAPTER VI. 

PERPENDICULAR AND OBLIQUE LINES. 

37. Theorem. Only one perpendicular can bo drawn 
from a point to a sti-aight line. 

Proof. For, if two perpendiculars are erected in the 
same plane, at two different points, JIf and P (fig. JG) of 
the line ^B, they are parallel, by § 35, and cannot meet 
at any point, as C. 

33. Theorem, Two oblique lines, as CE and CF 
(fig. 17), drawn from the point C to the line JIB, at 
equal distances DE and DF from the perpendicular 
CD, are equal. 

1* 



HnslcdhyGoOgIC 



12 PLANE GEOMETRV, [CH. VI. § 40, 

Shortest Dislaiice rrom :i L\n^. 

Proof. For, if CDB be folded over upon CBM, DB 
wili fall upon DA, because the right angles CDB and 
CD^ are equal; the point J' will fall upoa E, because 
DF and DE are equal ; and the straight lines CF and 
CE will coincide. 

39, Theorem. A perpendicular measures the short- 
est distance of a point from a straight line. 

Proof. Let the perpendicular CD (fig. 13) and the 
oblique line CF be drawn from the point to the line 
AB. Produce CP to DE, making DE equal to DC, and 
join FE, we shall, by ^ IB, have 

CE-CFC+FE. 
But 

CE=z2 CD, 
and 

FC + FE = 2FC, 
for FC and FE are equal, because they are oblique lines 
drawn from the point J*" to the line CE at equal dlstancea 
DC and DE from the perpendicular. 
Therefore 

2 CD < 2 FC, 
or 

CD < FC. 

40. Lemma. The sum of two lines, as C^ and 
CB (fig. 19), drawn to the extremities of the line AB, 
is greater than that of Iwo other lines DA and DB, 
similarly drawn, but included by thcra. 

Proof. Produce DA to E. 
We have, by § 18, 

AC -j- CE y AD ^ DE, 
uiid 

DE + BE'> DB. 
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Oblique Linos uiiciiunlly Distant frum llie Perpendicular. 

The Biim of these inequalities is 

AC -\- CE •{- DE, -^ BE y AD -\- DE ^ DB, 
or, sfiiking out the common term DE, and substituting 
for CE + BE, its equal BC, 

41. Theorem. Of two ohliciiie lines, CF and CG 
(fig. 18), drawn unequally distant from the perpendicu- 
lar, the move remote is the greater. 

Proof. For, the figure being cooBtracted as in ^ 39, 
and GjE being joined, we have, by the preceding prop- 
osition, 

GC+ GE> FC'\-FE; 
or, as in % 39, 

2 GCynFC, 






QCyFC. 



42. Theorem. If from the point C the middle of 
the straight line JIB (fig. 20}, a perpendicular EC be 

1. Any point in the perpendicular EG is equally dis- 
tant from the two extremities of the line »3C 

2. Any point without the perpendicular, as F, is at 
unequal distances from the same extremities A and B. 

Proof. 1. The distances EA and EB are equal, 
since they are oblique lines drawn at equal distances CA 
and CB from the perpendicular AB. 

2. The distance FA k greater than FB ; for 
FA -= FE + EA 
^FE-]-EB 
while FE -\- EB > FB. 
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Polygon, Tri:,„J.le.Squ=«. 



CHAPTER VII. 

SIDES AKD ANGLES OF I'OLYGONS. 

43. Definitions. A plane figure is a plane termi- 
nated on al] sides hy lines. 

If the lines are straight, the space which they con- 
tain is called a rectilinml figure, or polygon (fig. 21), 
and the sum of the bounding lines is the perimeter of the 
polygon. 

44. Definitions, The polygon of three sides is the 
most simple of these figures, and is called a triangle ; 
that of four sides is called a quadrilateral; that of five 
sides, a pentagon ; that of six, a hexagon, &c. 

45. Definitions. A triangle is denominated equilat- 
eral (fig. 22), when the three sides are equal, isosceles 
(fig. 2S), when two only of its sides are equal, and sca- 
lene (fig. 24), when no two of its sides are equal. 

46. Definitions. A right-triangle is that which has 
a vight angle- The side opposite to the right angle 
is called the hypothenuse. Thus .flBC (fig. 25) is a 
triangle right-angied at .3, and the side .EC is the hy- 
pothenuse, 

47. Definitions. Among quadrilateral figures, we dis- 
tinguish 

The square (fig. 26), which has its sides eijuaJ, and 
its angles light angles. (See § 73). 
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Rectangle, Parallelogram, Rliomhus, Trapcioiil, Diagtjniil. 

The rectangle (fig. 37), which has its angles right 
angles, without having its sides equal. 

The parallelogram (fig. 28), which has Its opposite 

es parajlel. 

The rhombits or lozenge (fig. 29), which has Its 
ides equal without having its angles right angles. 

The trapezoid (fig. 30), which has two only of its 
ides parallel. 

48. Definition. A diagonal Is a line which joins the 
vertices of two angles not adjacent, as ^C (fig. 30.) 

49. Definitions. An equilateral polygon is one which 
has ail its sides equal ; an equiangular polygon is one 
which has a.11 its angles equal. 

50. Definition. Two polygons ai-e equilateral with 
respect to each other, when they have their sides equal, 
each to each, and placed in tho same order ; that is, 
when, by proceeding round in the same direction, the 
first in the one Is equal to the first In the other, the sec- 
ond in the one to the second in the other, and so on. 

In a similar sense are to be understood two polygons 
equiangular with respect to each other. 

The equal sides in the first case, and the equal angles 
in the second, are called homologous. 

51. Tlieorem. Two triangles are equal, when two 
sides and the Included angle of ihe one are respective- 
ly equal to two sides and the included angle of the 
other. 

Proof. In the two triangles JiBC, DEF, (fig, 31), let 
the angle Jl be equal to the angle D, and the sides AB, 
AC, respectively equal to BE, DF. 
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rria^Bles. 



Place tlie side DE po fa e j al AB. VF will take 
the direction AC, becau e the angle D ia equal to the an- 
gle A; the point .Pwill tall po C bccauKO DFhi equal 
to JiC; and the lines FE a d BC ill coincide, since 
their extremities are tl e e [ t The triangles will 

therefore coincide, and n t be eq al 

63. Corollary. lie e 1 en wo sides and iJie 
included angle of one t le a e espectively equal to 
those of another, the o ! s le a d angles are also 
equal in the two triangles. 

53. Theorem. Two triangles are equal, when a side 
and the two adjacent angles of one triangle are resjjec- 
tively equal to those of the other. 

Proof. In the two triangles ABC, U£r(fig. 31), let 
the side AB be equal to the side DE, and the angles J? 
and B respectively equal to D and E. 

Place the side DE upon the side AB. The side DF 
will take the direction AC, because the angle J? is equal 
ioA; the side Ei^will take the direction BC, because 
the angle B is equal to B ; and the point F, falling at 
once in each of the lines AG and BC, must fall upon 
their point of intersection C. The triangles will there- 
fore coincide, and must be equal. 

54. Corollary. Hence, when a side and the two 
adjacent angles of one triangle are respectively equal to 
those of another, the other sides and angle are also 
equal in the two triangles. 

55. Theorem. In an isosceles triangle the angles 
opposite the eqiral sides are equal. 

Proof. In the isosceles triangle ABC (fig. 32), let the 
equal sides be AB and BC. 
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Equal Angles ol' the Isosceks Ttianglo. 

Let tho line BD be drawn so as to bisect the angle 
^BC. 

Then the two triangles ADB and DBC will be equal, 
since they have two sides AB, BD, and the included 
angle JLBD, respectively equal to tho two sides BC, BD, 
and the included angle iJBC ; and the angle ^3 will be 
equal to C. 

56. Corollary. An equilateral triangle is also e(]ui- 
angular. 

57. Theorem. The line BD (fig. 32), which bi- 
sects the angle B, at the vertex of an isosceles trian- 
gle, is perpendicular to the base, and bisects the base. 

Proof, a. For, on account of the equality of the trian- 
gles ABD and BCD, AD must be equal to DC. 

h. Moreover, the angles BDA and BDC are equal, and 
are therefore right angles by the very definition of the 
right angle in ^ 20. 

58. Theorem. If, in a triangle, two angles are equal, 
the opposite sides are also equal, and the triangle is 

Proof. In the triangle ABC (fig. 32), let tho angle 
A be equal to tlie angle C. 

Invert the triangle, and place it in the position BCA ; 
and, as the two triangles ^iJC and CBA have the side 
AC and the adjacent angles ^ and O of the one respec- 
tively equal to CA and the adjacent angles C and A of 
the other, their other sides must be equal, or BC must be 
equal to jB.^. 

59. Corollary. An equiangular triangle is also equi- 
lateral. 
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GO. Lemma. Two different triangles cannot be 
formed oa a given line .iB (fig. 33), of which the 
sides, lAD aud DB, are respectively equal to C5 and 
CB, and terminate at the same extremities of ^B. 

Proof. For, first, the vertex D of one triangle can- 
not fail within the otlier triangle JiCB, as in fig. 19, be- 
cause, by ^ 40, JIB -j~ Dli must in this case be les3 than 
AV-\-CB. 

Secondly. If D falls without ACB, as in fig. 33, the 
triangles ACD and BCD are isosceles, since AC is equal 
to AD and BCis equal to BD. 
Hence ACD = ADC, 

and BCD = BDC; 

but this is impossible ; for of the first members of these 
equations ACD^ BCD 

while of the second members 

ADC-iC^BDC. 

61. Theorem. When two triangles are equilateral 
with respect to each other, they must be equal, and 
must also be equiangular with respect to each other. 

Proof. Let ^BC and DEF (fig. SI } be the triangles, 
whose sides AB, BC, and AC are respectively equal to 
HE, EF, and DF. 

If DE is placed upon AB, the point F must by the 
preceding proposition fall upon C, and the triangles must 
coincide. 

02. Theorem. Of two sides of a triangle, that is 
the greater which Js opposite ihe greater angle ; and 
conversely, of two angles of a triangle, that is the great- 
er which is opposite the greater side. 
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il Side of a Trianele opp 



Proof. I. Suppose the angle C>ZJ (fig. 34). Draw 
CD so as to make the angle BCD = B. 
Then will BD^CD 

and AB ^AD+DB^- AD -f- DC. 

But AD^DCy-AC 

Hence AB > AC. 

2. Conversely. Suppose .3B]>.3(7, the angle C must 
be greater than B ] for if C were equal to or less than 
B, JiB would by ^ 61 and the preceding demonstration, 
be equal to or less than AC. 

63. Theotem If two mangles \ii\e two sides of the 
one respecti\elj equal to two skJls ot tlie other, and if 
the iQcfuded angle of the liiat tiiangle is gieater than the 
included angle of the second tiiangle, the third side of 
the first triangle, is ilso gieater than the thud side of the 
second u-iaogle. 

Proof. Let the first triangle be ABC (figs. 19 and 33), 
and the secood ABD, which have the sides AB and AD, 
respeetively equal to AB and AC, and the included an- 
gles BAD <CB AC. 

1. If the point D falls within the first triangle as in 
fig. 19, we have by ^40 

AC^BCyAD-\-DB; 
whence, substracting the equals ,5Cand AD, 
BC^BD. 

2. If the point D falls upon the third aide as at E, wo 
nave at onee 

BCyBE. 

3. If the point D falls without the first triangle, aa in 
fig. 33, we have in the isosceles triangle ACD, 

ACD=ADC. 
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SiiniorthoAiiglesof aTihnglo. 

But BDCyADC, whiisACnyBCD; 

whence BDC^BCD, 

80 that ill the triangle BCD, by ^ 62, we have 
BCyBD. 

64. Theorem. Two right iriargles are eqiial, when 
the hypotbcniise and a side of the one are respectively 
equal to the hypothenuse and a side of the other. 

Proof. Let ^BC and DEF (fig. 35) be the right tri- 
angles, of which the hypothenuse AC la equal to DF, and 
AB equal to DE. 

Place BE upon AB, EFwill fall upon CB produced, 
ainoe the right angles ABG and DEF are equal. An 
isosceles triangle C-3.G is thus formed, and AB being per- 
pendicular to its base, divides it, by ^ 57, into the two 
equal triangles ABC and ABC. 

65. Theorem. The sum of the three angles of any 
triangle is equal to two right angles. 

Proof. Let ABC (fig. 36) be the given triangle. Pro- 
duce AC to D, and draw CE parallel to AB. 

The angles ABC and BCE, being alternate-interna! 
angles, are equal, and BAC and ECD, being external- 
internal angles, are equal. Hence the sum of the three 
angles of the triangle is equal to AC B -]- BCE -\- ECD, 
or, by ^ 25, to two right angles. 

66. Corollary. Two angles of a triangle being given, 
or only their sum, the third will be known by subtract- 
ing the sum of these angles from two right angles. 

67. Corollary. If two angles of one triangle are re- 
spectively equal to two angles of another triangle, the 
third of the one is also equal to the third of tfae other, 
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aura of tlie Angles of a Poljgon. 

and the two triangles are equiangular widi respect to 
each other. 

68. Corollary. In a triangle, there can only be one 
right angle, or one obtuse angle, 

69. Corollary. In a rigbt triangle, the sum of the 
acute angles is equal to a right angle. 

70. Corollary. An equilateral triangle, being also 
equiangular, has each of its angles equal to a third of 
two right angles, or | of one right angle. 

71. Corollary. In any triangle ^BC, if we produce 
the side ^C toward D, the exterior angle BCD is 
equal to the sum of the two opposite interior angles ^ 
and B. 

72. Theorem. The sum of all the interior angles 
of a polygon is equal to as many limes two right angles 
as it has sides minus two. 

Proof. Let ABCDE, &:c, (fig. 37), be the given poly- 
gon. 

Draw from either of the vertices, as A, the diagonals 
AC, AD, AE, &.C. 

The polygon will obviously be divided into as many tri- 
angles as it has aides minus two, and the sum of the an- 
gles of these triangles is the same as that of the angles 
of the polygon. But the sum of the angles of each tri- 
angle is, by § 65, equal to two right angles ; .ind, con- 
sequently, the sum of all their angles is equal to as many 
times two right angles as there are triangles, that is, as 
there are sides to the polygon minus two. 

73. Corollary. The sura of the angles of a quadri- 
lateral is equal to two right angles raulltplied by 4 — 2; 
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which makes four right angles ; therefore, if all the 
angles of a quadrilaleral are equal, each of them will be 
a right angle, which jiislifies the definition of a square 
and rectangle of § 47. 

74. Corollary. The sura of the angles of a penta- 
gon is equal to two right angles multiplied by 5 — 2, 
which makes 6 right angles ; therefore, when a penta- 
gon is equiangular, each angle is the fifth of six right 
angles, or -| of one right angle. 

75. Corollary. The sum of the angles of a hexagon 
is equal to 2 X (6 — 2), or 8 right angles ; therefore, 
in an equiangular hexagon, each angle is the sixth of 
eight right angles, or | of ooo right angle. The pro- 
cess may be easily extended to other polygons. 

76. Scholium. If we would apply this proposition 
to polygons, which have any angles whose vertices aro 
directed inward, as CDE (fig. 38), each of these angles 
is to be considered as greater tlian two right angles. 
But, in order to avoid confusion, we shall confine our- 
selves in future to those polygons, which have angles 
directed outwards, and which may be called convex 
polygons. Eveiy convex polygon is such, that a straight 
line, however drawn, cannot meet the perimeter in more 
than two points. 

77. Theorem. The diagonal of a parallelogram di- 
vides it into two equal triangles. 

Proof. Let ABCD (fig. 39) be the parallelogram and 
JIC its diagonal. 

The two triangles ^BC and .3DC are eqiml, since they 
Lave the sido^C common, the angle BAC = JiCB, by 



HnslcdhyGoOgIC 



. § 82.] 



§ 30, on account of the pai'allels JlB and CD, and BCA 
=^ CAB, oit account of the parallels BC and ,dD. 

78. Theorem. The opposite sides of a parallelo- 
gram are equal, and Ilie opposite angles are equal. 

Proof. For the trianglea ACB and ACD (fig. 89} 
being equal, their sides CB and .3B are rcspeotivelj' equal 
to ^D and DC; and the angle ABC=^ADC. In the 
same way it might be proved that BAD = BCD. 

79. Corollary. Two parallel lines comprehended 
between two other parallel lines are equal. 

80. Theorem. If, in a quadrilateral ^BCD (fig. 39), 
the opposite sides are equal, namely, SB = CD, and 
S^D= BC, the equal sides are parallel, and the figure 



Proof. For the triangles ABC and ACD are equal, 
having their three sides respectively equal ; and therefore 
ACB=CAD, whence BC is parallel to AD, by ^ 31 ; 
and BAC=^ACD, whence AB is parallel to CD. 

81, Theorem. If two opposite sides BC, -AD (6g. 
39) of a quadrilateral are equal and parallel, the two 
other sides are also equal and parallel, and the figure 
ABCD is a parallelogram. 

Proof For the triangles JlBC and ACD are equal, 
since they have the side .5C common, the side BC^=AD, 
and the included angle BCA^= CAD, on account of the 
parallelism of jBC and AD ; and therefore JiB and CD 
must be equal and parallel. 

82. Theorem. Two parallel lines are throughout at 
tlie same distance from each other. 
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Proof. The two parallels AB and CD (fig. 40), being 
given, if through two points talten at pleasure we erect, 
upon ^B, the two perpendicularg EG and FII, the 
straight lines EG, F^will, hy ^ 34, be perpendicular to 
CD; and they are also parallel and equal to each other, 
by arts. 35 and 79. 

83. Theorem. The two diagonals of a paraJlelogvam 
mutually bisect each other. 

Proof. For the triangles (fig. 41) ADO and BOO are 
equal, since the side BG = JID, and the angles OCB^ 
OAB, and OBC= ODJl, on account of the parallelism 
of BC and JID ; therefore .50 = OC and 2J -= OD. 

84. Corollary, la the case of the rhombus (fig. 42), 
the triangles AOB and AOD are equal, for the sides 
MB^AD, BO^BO, and AO is common; therefore 
the angles AOB and AOD are equal, and, aa they are 
adjacent, each of them must, by definition, ^ 20, be a 
right angle, so (hat the two diagonals of a rhombas bisect 
each other at right angles. 



CHAPTER VIII. 

THE CIRCLE ATv'D TJIF. MEASURE OF ANGLES. 

85. J}e,finitions. The circumference of a circle is 
a curved line, all the points of which are equally dis- 
tant from a point within, called the centre. 

The circle is the space terminated by this curved line. 

86. Dejimtions. The radim of a circle is the straight 
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line, as ^B, AC, AD (%. 43), drawn from the cciUre 
to the circumference. 

The dimnet&r of a circle is the straighl line, as BD, 



drawn through the 
the circumfei'ence. 

87. Corollary. 
equal, and all its di 
!he radius. 

88. Theorem. Every diameter, as BD (fig. 43), bi- 
sects the circle and its circumference. 



erminated each way by 



Hence, all the radii of a circle are 
are also equal, and double of 



Proof. For if the figui 
the part BED, lliey mu 
would be points in the one 



fro 



, the 



BCD he folded over upon 
; coincide ; otherwise there 
r the other vmequajly distant 



ijerence is one half of 
'circle is one liaif of the 



89. Definition. A 
the circumference, and a 
circle itself. 

90. Definition. An arc of a circle is any portion of 
its circumference, as BFE. 

The chord of an arc is the straight line, as BE, 
which joins its extremities. 

The segment of a circle, is a part of a circle com- 
prehended between an arc and its chord, as EFB. 

91. Theorem. Every chord Is less than the diameter. 
Proffi. Thus BE {fig. 43) Is less than DB. For, 

joining ^E, we have BD^BM-{-AE, but BE<iBA 
-\- AE, therefore BE < BD. 

92. Definition. A straight line is said to be inscribed 
in « circle, when its exti^emitles are in the circumfer- 
ence of the circle. 
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Anglea propotlional to tlieir Arcs. 

93. Corollary. Hence the greatest straight line 
wnich can be inscribed in a circle is equal to its di- 
ameter. 

94. Theorem. A straight lino cannot meet the cir- 
cumference of a circle in more ihnn two points. 

Proof. For, by §^ 38 and 41, only two equal straight 
lines can be drawn from the same point to the same 
straight line ; whereas, if a straight line could meet the 
circumfereace £BD (fig. 45) in the three points, ABB, 
tliree equal straight lines CA, CB, CD, would be drawn 
from the point C to this line. 

95. Theorem. In the same circle, or in equal cir- 
cles, equal angles ACS, DCE (fig. 44), which have 
their vertices at the centre, intercept upon the cir- 
curafereiice equal arcs ^B, BE. 

Proof. Since the angles DCE and ^CB are equal, 
one of them may be placed upon tho other ; and since 
their sides are eqv\al, the point D will fall upon Ji, and 
the point E upon B. The ares .3.B and DE must there- 
fore coincide, or else there would be points in one or the 
other unequall/ distant from the centre. 

96. Theorem. Reciprocally if tho arcs AB, DE 
(fig. 44) are equal, the angles ^CB and DCE must 
be equal. 

Prunf. For if tho line CE be drawn, so as to make an 
angle DCE equal to ACB, it must pass through the ex- 
tremity E of the arc DE, which is equal to dB. 

97. Theorem. Two angles, as ^CB, ACD (fig. 
45), are to each other as the arcs AB, SD intercepted 



HnslcdhyGoOgIC 



CH. VHI. § 9S.] THE CIRCLE AND A]N'Gr.ES. 27 

between their sides, and described from tlieii- vertices as 
centres, with equal radii. 

Proof. Suppose the less angle placed in the great- 
er, and suppose the angles to be to each other, for ex- 
ample, as 7 fo 4 ; or, which amounts to the same, sup- 
pose the angle AC a, which is their common measure, to 
be contained 1 times in ACD, and 4 times in ACB ; so 
that the angle ACD may be divided into the 1 equal an- 
gles AC a, a Gb,b C c, &c., while the angle ACB ia di- 
vided into the 4 equal angles AC a, &.c. 

The avcs AB and AD are, at the same time, divided 
into the equal parts A a, ah, be, &c., of which AB con- 
tains 7 and AB 4 ; and therefore these arcs must be to 
each other as 7 to 4, that ia, as the angles ACD and 
ACB. 

98. ScItoUum. The preceding demonsti'ation does not 
strictly include the case in which the two angles are in- 
cominensurabk, that is, in which they have no cominon 
divisor. The divisor AC a, instead of being contained 
an exact number of times in the given angles ACB, ACD, 
is, in this case, contained in one or each of them a cer- 
tain number of times plus a remainder less than the 
divisor. So that if these remainders be neglected, the 
angle AC a will be a common divisor of the given angles. 

Now the angle AC a may be taken as small as we 
please ; and therefore the remainders, which are neglected, 
may be as small as we please ; less, then, than any as- 
signable quantity, less than any conceivable quantity, that 
is, less than .any possible quantity within the limits of hu- 
man Itnowledge. Such quantities can, undoubtedly, be 
neglected, mlhout any error ; and the above demonstra- 
tion is thus extended to the case of incommensurable 
angles. 
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Measure of Angles, Degree, Minute, SecciiJ, &e. ; QunJiant. 

99. The principle, involved in t!ie reasoning just given, 
is general in its application ; and may be slated as fol- 
lows, usipg the term infinitely sitUtU qiianlily to denote a 
quantity which may he taken at pleasure, as small as we 
please, so that it may be supposed equal to nothing when- 
ever we please. 

Axiom. Infinitely small quantities may be neglected. 

100. Corollary. Since the angle at the centre of a 
circle is proportional to the arc included between its sides, 
either of these quantities may be assumed as the measure 
of the other ; and we shall, accordingly, adopt, as the 
measure of ll)e angle, the are desa-ibedfrom its vertex as a 
centre and included beluieen its sides. 

But when different angles are compared with each oth- 
er, the arcs, which measure them, must be described with 
equal radii. 

101. Definitions. In order to compare logetliei- dif- 
ferent arcs and angles, every circumference of a circle 
may be supposed to be divided into 360 equal arcs 
called degrees, and marked thus (°). For instance, 
60*^ is read 60 degrees. 

Each tiegree may be divided into CO equal parts called 
minutes, and marked thus ('). 

Each minute may be divided into 60 equal parts called 
seconds, and marked thus {"). 

When extreme minuteness is required, the division 
is sometimes extended to thirds an6 fourths, &c., marked 

th„s C"), ('"). &■=. 

A quadrant is a fourth part of a circumference, and 
contains 90°. This is called the sexagesimal division 
of the circle ; another wliich is called the centesimal di- 
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Inscribed Angle atid TtLaiiglf;. 

vision has been introduced by the French geometers. 
They divide the quadrant into 100 degrees, the degree 
into 100 minutes, &c ; so that \>y (his ineihod of di- 
vision, the whole notation is decimal. 

102. Sckotium. As all circumferences, whether great 
or small, are divided into the same number of parfs, it 
folli>ws that a degree which is thus made the tinit of area, 
is not a fixed value, but varies for every different circle. 
It merely expresses the ratio of an arc, namely, jjg to 
the whole circumference of which it is a part, and not to 
any other. 

103. Corollary. The angle may be designated by the 
degrees and minutes of the arc which measures it ; thus 
the angle which is measured by the arc of 17° 28' may 
be called the angle of n° 23'. 

104. CorolUmj. The right angle is men an angle of 
90°, and is measured by the quadrant, 

105 Cojollaiy The angle which is measured by the 
arc ot one degree that v* the angle of 1° is then -^f, of 
a right ingle ind has a hxed value, ahogether indepen- 
dent in its magnitude of the radius of the ai'c by which 
it ismeaeuied 

The ftame is the case wifh an angle of any other value, 
so that the arcs AP AD Jl"D", &c. (fig. 46), of the 
same number cl degiees all measure the same angle C, 
the icitf^ of which is at their common centre. 



lOG Deftnihoni An inscribed angle is one, whose 
vertex is in tiie cncumference of a circle, and which is 
formed U t«o choids as B^C (fig. 47). 

An msciibed tuangle is a triaugle whose three angles 
have their veitices in the cncumference of the circle. 
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And, in general, an inscribed figure is one, all whose 
angles have their vertices in ihe circumference of the 
circle. In this case the circle is said lo be circum- 
scribed about the figure. 

107. The inscribed angle BAG (figs. 47, 48, 49) 
has for its measure the half of the arc BC comprehend- 
ed between its sides. 

Proof. 1. If one of the sides is a diameter, as AC 
(fig. 47), O being the centre of the circle, 

Join BO. Then the triangle AOB is isosceles, for the 
radii AO, BO are equal. Therefore the angles OAB 
and OBA are equal, and the exterior angle BOG being 
equal to their sum, by ^ 71, is equal to the double of 
either of them, as BAG. BAG is, therefore, half of 
BOC and has half its measure, or half of BC. 

2. If the centre falls within the angle, as in (fig. 
48,} 

Draw the diameter AOD ; and, by the above, BAD 
has for its measure half of BD, and DAC half of DC ; 
so that2J.5J>-f D^C or BAV has for its measure half 
of IiD + i>C, orhalfof J3C. 

3. If the centre falls without the angle, as in (fig. 
49,) 

Draw the diameter AOD ; and BAD— BAG, or BAG 
has for its measure half ai BB — BG, orhalf of BC. 



103. Corollary. All the angles B^C, BDC (fig. 
50), &c., inscribed in the saijie segment are equal. 

Proof. For they have each for their measure the half 
of the same arc BEC. 

109. Corollary. Every angle BAD (lig. 51) in- 
scribed in a semicircle is a right angle. 
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Proof. For it has for its measure the half of the eemi- 
circumfereiice BED, or a quadrant. 

110. CoroUaiy. Every angle B^C (fig. 50) inscribed 
in a segment greater than a somicirde is an acute angie, 
forithaa for its measure the half of an arc BEC less 
than a eemicircuia fere nee. 

111. Corollary. Every angle BEC inscribed in a seg- 
meut lesa than a semicircle is an obtuse angle ; for it has 
for its measure the half of an are greater than a semi- 
circumference. 

112. Theorem. In the same circle, or in equal cir- 
cles, equal arcs are subtended by equal chords. 

Proof. Let tlie arc ^B (fig. 62) be equal to the arc 
BC. 

Join JO ; and, in the triangle ^BC, the angles A and 
C are equal, for they are measured by the halves of the 
equal arcs BC and MS. The triangle ABC is therefore 
isosceles, by % 58, and the chords AB and BC are equal. 

113. Theorem. Conversely, in the same circle, or 
in equal circles, equal chords subtend equal arcs. 

Proof. Let tiic chord AB (fig. 52) be equal to tha 
chord BC. 

Join AC ; and in the isosceles triangle .^BC the angles 
A and C must be equal, by § 65, and also the arcs AB 
and BC, which are double their measures. 

114. Theorevi. In the same circle, or in equal cir- 
cles, if the sum of two arcs be less than a circumfer- 
ence, the greater arc is subtended by ihe greater chord ; 
and, conversely, the greater chord is subtended by the 
greater arc. 
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Proof, a. Let the arc BC (fig. S3) be greater than 
the arc AB. 

Join MC ; and the angle BAG, being measured by 
haif the avc BC, is greater than BC^, which is measured 
by half of JB ; and therefore, by § 62, the chord BG 
is greater than ^B. 

b. Conversely. Suppose the ciiord BC > JiB. 

Join AC ; and, by ^ 62, BACy BCA, and, therefore, 
the arc BC double the measure of BAG is greater than 
the are AB double the measure of BCA. 

115. Corollary. If the sum of the Ivvo arcs is 
greater than a circumference, the greater arc is sub- 
tended by the less chord, and the less arc by the great- 
er chord. 

Proof. Suppose the arc BGJ^A > BAJ^C (fig. 53). 

Take AJ^G from each, and we have the arc BC > BA, 
and consequently, by tlie preceding proposition, the chord 
BC of the less arc BAJVC is greater than the chord BA 
of the greater arc BCJVA. 

IIG. Theorem. The radius CG (fig. 54), perpen- 
dicular to a chord AB, bisects this chord and the arc 
subtended by it. 

Proof a. The radii CA and CB are equal oblique 
lines draivn to the chord AB. They are, therefore, by 
^ 38, at equal distances from the perpendicular, or AD 
^DB. 

b. Since the line GC is a perpendicular erected at the 
middle of the straight line AB, any point of it, as G, is, 
by § 42, at equal distances from its extremities, that is, 
the chords AG and GB are equal ; and therefore, by 
§ 113, the arcs AG and GB are equal. 
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117. Corollary. The perpenriictilcii elected upon 
the middle of a chord passes ihrougli the centre, and 
also throLigli the middle of the arc subtended by the 
chord. 

lis. Definitions. A secant is a line which meets 
the circumference of a circle in two points, as AJi 
(fig. 55). 

A tangent is a line, which has only one point in com- 
mon with the circumference, as CD. 

The common point Mis called the point of contact. 

Also tivo circumferences are tangents to each other 
(6gs. 5G and 57), when they have only one point com- 
mon. 

A polygon is said to he circumscribed about a circle, 
when all its sides are tangents to the circnraference ; 
and in this case the circle is said to be inscribed in 
the polygon. 

119. Theorem. The direction of the tangent is the 
same as that of the circumference at the point of con- 
tact. 

Proof. Draw through the point M (fig. 55) the secant 
ME and the tangent MD. 

If the secant JME is turned ftvound the point M so aa 
to diminish the angle EMD, the secant ME will approach 
the tangent MD, and the point E will approach the point 
M. When ME is turned so far as to pass through the 
point P ne.-it to M, the angle DME will be infinitely 
small, since P is at an infinitely small distance from M ; 
and the line ME will approach infinitely near the tangent 
MD, that is, it will, hy ^ 99, coincide with this tangent, 
which has therefore, by ^ I 1, the same direction with the 
circumference at M, 
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120. Theorem. The iaDgent to a circle is perpen- 
dicular to the radius drawn to the point of contact. 

Pronf. The radius OM = OJV {fig. 58) is shorter than 
any other line, as OP, whicli can be drawn from the point 
to the tangent MP; it is therefore, by ^ 39, perpendic- 
ular to this tangent. 

121. The angle B^C (fig. 59), formed by a tan- 
gent and a chord, has for its measure half tbe arc BMA 
comprehended between its sides. 

Proof, a. Draw the diameter AD, and we Iiave 
BAC = D^C—I)£B. 
But T)AC, being a right angle, has for its measure half 
of a semicircumference, as ABD ; also BAD has, by 
§ 107, foi- its measure half of the arc BD. Tlie iiieasure 
of^jiC is therefore 

I [ABD^ BD) = 1 AMB. 
h. In the same way, it may bo shown that BAB has for 
half the arc BDA. 



122. neorem. The angle BAC, formed by two 
secants (lig. CO), two tangents (fig. 62), or a tangent 
and a secant (fig. 61), and which has its vertex without 
the circumference of the circle, has for its measure half 
the concave arc BJ\IC intercepted between its sides, 
minus half the convex arc DJ^E. 

Proof. Join BE ; and as BBC is an exterior angle of 
the trianj,'!e ABB, we have, by § 71 

BBC ^ ABE + BAC, 
whence 

BAC^BEC—ABB. 
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Anglea formed liy Chords. Arts iiilereepled by ParallBls. 

But the measure of BEC is half of BMC, aod that of 
^BE is half of iJjVE; therefore the measure of BAG is 
i BMC — I DA'E. 
Scholium. In applying the preceding demonstration to 
(figs. 61 and 62), (he letters B and D must denote Ihe 
same point ; and in (fig. 62) the letters C and E must also 
denote the same point. 

123. Theorem. The angle BAG (fig. 63), formed 
by two chords, and which lias its vertex between the 
centre and the circumference, has for its measure haif 
the arc BC coinained between its sides plus haif the 
arc DE contained between its sides produced. 

Pronf. Join BE ; and, as BAC is an exterior angle 
of the triangle ABE, we have, by ^ 71, 
BJiC-=BEA-\-ABE. 
But the measiive of BEA is, by § 107, half of BC; 
and that or ABE is half of DE ; therefore the measure of 
BACis 

iBC-\-iDE. 

124. Theorem. Two parallels AB and BC (figs. 64, 
G5, 66), intercept upon the circumference equal arcs 
AD, BC. 

Proof. Join BTJ. The alternate-internal angles ABB 
and BBC are equal, by § 30 ; and therefore, the an!8 
AT) and BC, the double of their measures, are equal. 

Scholium. In applying this demonstration to figs. (65 
and 66), the letters A and B must denote the same point ; 
and in (fig. 66) the letters B and C must also denote the 

125. Corollary. The arcs AB nnd BC (fig. 66) being 
equal must be semicircumferences, and Ihe eiiord BC 
tntist be a diameter. g# 
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126. Theorem. When llie circiim Terences of two 
circles cut each oiher, the line ^B (fig. 67), which 
joins their centres, is perpendicular to the middle of the 
line CD, which joins their points of intersection. 

Proof. For if a perpendicular be erected upon tlie 
middle of the chord CD, it must, hy § 117, puss through 
the centres A and B of botli the circles of wlikh CD is 
a chord. 

127. Theorem. When two circumferences are tan- 
gents to each other, their centres and point of contact 
are in the same straight line perpendicular to their com- 
mon tangent at the point of contact. 

Proof, a. If the centres of two circumferences which 
cut each other (fig. 67) are removed from each other, 
until the points C and D of intersection approach infi- 
nitely near to each other, the circles will become tangent, 
as ia (fig. 56), the chord CD of (fig. 67) will become the 
tangent CD of (fig. 56) ; and as both the radii AM and 
MB are perpendicular to their common tangent, these 
radii must be in the same straight line. 

h. In the same way, the centres of the circles (fig. C7) 
may be brought near to each other until the circles are 
tangeots, ag in (fig. 57), and the same reasoning may be 
here apphed to prove that the line ABM, perpendicular 
to the common tangent at M, passes through both the 
centres Ji and B. 
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CHAPTER IX. 

PROBLEMS KELATIJNG TO THE FIRST EIGHT CHAPTERS. 

128. Problem. To find the position of a point in a 
plane, liaving given its distances from two known points 
ill tiiat plane. 

Solution. Let the known poiats be A and B (fig. 63). 
From the point ^ as a centre, with a radius equal to the 
distance of the required point from ^, describe an arc. 
Also, from the point S as a centre, with a radius equal to 
the distance of the required point from B, descrihe an arc 
cutting the former arc ; and the point of intersection C is 
the required point, 

Scholium. By the same process, another point X> may 
also be found which is at the given distances from ^ and 
B, and either of these points therefore satisfies the con- 
ditions of the problem. 

129. Coi-ollary. If both the radii were taken of equal 
magnitudes, the points C and D thus found would be at 
equal distances from Jl and B. 

130. Sckolhtm. The problem is impossible, when the 
distance between the known points is greater than the 
sum of the given distances or less than their difference. 

131. Scholium. If the required point is to be at equal 
distances from the known point, its distance from either 
of tbem must be greater than half (he distance between 
the known points. 
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1^2. Probkm. To divide a given straight line JiB 
(fig. 69) into two equal pai'ts ; that Js, to bisect it. 

SoluOon. Find by ^ 129, a point C at equal dis- 
tances from the extremities A and B of the given line. 
Find also another point 2>, either above or below the line, 
at equal distances from A and B. Through C and J) 
draw the line CD, which bisects AB at the point E. 

Proof. For the perpendicular, erected at E fo the line 
SB, must, by ^ 42, pass through the points C and JD, and 
must therefore, by ^ 16, coincide with the line CD, 

133. Problem. At a given point ^ (fig. 70), in the 
line BC, to erect a perpend icuiar to this line. 

Sohdion. Take the points B and C at equal distances 
from A ; and find a point I) equally distant from B and 
C. Join AD, and it is the perpendicular required. 

Proof. For the point D must, by ^ 42, be a point of 
the perpeudicular erected at .3. 

134. ProbJevi. From a given point ^5 (fig. 71), 
witbout a straight line BC, lo let fall a perpendicular 
upon this line. 

Solulion. From *3 as a centre, with a radius suffi- 
ciently great, describe an arc cutting the hue SC in two 
points 3 and C ; find a point D equally distant from B and 
C, aod the line ADE is the perpendicular required. 

Proof. For the points A and D, being equally distant 
from B and C, must, by § 42, be in this perpendicular. 

135. Probkm. To make an arc equal to a given 
arc ^B (fig. 73), the centre of which is at the given 
point G. 

Solution. Draw the chord AB. From any point J) aa 
a centre, with a radius equal to the given radius CA, 
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To mulio and Lt, bisect a givaa Arc, or Aiig'.c. 

describe the indefinite arc FU. Fram F s.s a. centre, 
with a radius equal to the chord AB, describe an arc 
cutting the arc FH in B, and we have the arc FH = 
AB. 

Proof. For as tlie chord JiB = the chord FH. it follows, 
from § 1 12, that the arc AB = the arc FH. 

136. Problem. At a given point A (fig. 73), in the 
line AB, to make an angle equal to a given angle K. 

Solation. From the vertex K, as a centre, with any 
radius describe an arc IL meeting the sides of the angle ; 
and from the point ^ as a centre, by the preceding prob- 
lem, malce an arc BC equal to IL. Draw AC, and we 
have A = K. 

Proof. For the angles A and £"bcing, by §100, meas- 
ured by the equal arcs BC and IL, are equal. 

137. Problem. To bisect a given arc AB (fig. 74). 
Solution. Find a point D at equal distances from ^ 

and B. Through the point J) and the centre C draw the 
lino CD, which bisects the arc AB at E. 

Proof. Draw the chord AB. Since the points D and 
C are at equal distances from A and B, the line DC is, 
by § 132, perpendicular to the middle of the chord AB, 
and therefore by ^ 117, it passes through the middle E 
of the arc .SB. 

138. Problem. To bisect a given angle ^ (fig. 75). 

Solution, From ^ as a centre, with any radius, de- 
scribe an arc BC, and, by the preceding problem, draw 
the line AE to bisect the arc BC, and it also bisects the 
angle A, 

Proof. The angles BAE and EAC arc equal, for thoy 
ire measured by the equal arcs BE and EC. 
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130. Problem, 'i'iirough a given point .3 (fig. 7Q), 
to draw a straight line parallel Lo 'a given straight line 
BC. 

Soltilion. Join E^, and, by the preceding problem, 
draw MD, making the angle EAD = J1EF, and AD is 
parallel to BC, by ^31. 

140. ProhUm. Two angles of a triangle being given, 
to find the third. 

SokUion, Draw the line ABC (fig. 77). At any point 
B draw the line BD, to ma-ke the angle DBC equal lo 
one of the given angles, and draw BE, to make EBD 
equal to the other given angle, and ABE is the roqnired 
angle. 

Pronf. For these three angles are, by § 25, together 
equal two right angles. 

141. Problem. Two sides of a triangle and their 
included angle being given, to constrnct the iriangle. 

Solution. Make the angle ^ (fig. 78) equal to the given 
angle, take AB and AC equal to the given sides, join 
BC, and ABC is the triangle required, 

142. Problem. One side and two angles of a tri- 
angle being given, to construct the triangle. 

Solution. If both the angles adjacent to the given side 
are not given, the third angle can be found by ^ 140, 

Then draw AB (fig. 78) equal to the given side, and 
di-aw AC and BC, making the angles A and B equal to 
tbe angles adjacent to the given side, and JISC is the tri- 
angle required. 

143. Problem. The lln-ee sides of a triangle being 

Sotulion. Draw AB (fig. 7^) equal to one of the given 
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To cniistruct a ParalleloKTam. 'I'o find the Centre ol' a Ciide. 

sides, and, by ^ 128, find the point C at the given dis- 
tances ^C and BC from the point C, join ^C and BC, 
and ,dBC is the triangle required. 

144. Schnlium. The problem is impossible, when one 
of the given aides is greafci' then the aum of the other 
two, 

145. Problem. To construct a right triangle, when 
a leg and the liypothenuse are given. 

Solution. Draw k3B (fig. 79) equal to the given leg. 
At u5 erect the perpendicular t9C, from B aa a centre, 
with a radius equal fo the given liypothenuse, describe an 
arc cutting AC at C. Job BC, and ^BC is the triangle 
required. 

146. Problem. The adjacent sides of a parallelo- 
gram and their included angle being given, to construct 
the parallelogram. 

Solution. Make the angle Jl (fig. 80) equal to tlie given 
angle, take £B and ^C equal to the given sides, find the 
point D, by ^ 128, at a distance from B equal to .iC, and 
at a distance from C equal to .AB. Join BD and DC, 
and ABCD is, by ^ 80, the paralleiogram required. 

147. Corollary. If the given angle is a right angle, the 
figure is a rectangle ; and, if the adjacent aides are also 
equal, the figure is a square. 

148. Problem. To find tlic centre of a given circle 
or of a given arc. 

Solution. Take at pleasure three points .3, B, C (fig. 
81) an the given circumference or arc ; join the chords 
^B and BC, and bisect them by the perpendiculars DE 
and FG ; the point in which these perpendiculars meet 
is the centre required. 
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Proof. For, by ^ lU, the perpendicular SE and FG 
must both pass through the centre, which must therefore 
be at their point of meeting. 

149. Scholium. By ihe same construction a circle 
may be found, the circumference of wliich passes through 
three given points not In the same straight line, or in 
which a given triangle is inscribed. 

150. Froblem. Through a given point, to draw a 
tangent to a given circle. 

SihUion. a. If the given point ^ (fig. 82) is in the cir- 
cumference, draw the radius CM, and through A draw 
AD perpendicular to CM, and AD is, by ^ 120, the tan- 
gent required. 

b. If the given point A (fig. 33) is without the circle, 
join it to the centre by the line AC ; upon AC as a diam- 
eter describe the circumference AMCJ^, cutting the given 
circumference in M and JV; join ^JWand .^JV', and they 
ai'o the tangents required. 

Proof. For the angles AMC and AJ^C are right an- 
gles, because they are inscribed in semicircles, and there- 
fore AM and AJ^ are perpendicular to the radii MC and 
JVC at their extremities, and are, consequently, tangents, 
by ^ 120. 

151. Corotlarij. The two tangents AM and AJ^ are 
equal ; for the right triangles AMC and AJVC are equal, 
by ^ 64, since they have the hypothenuse AC common, 
and the leg MC equa! to the leg JVC, and, therefore, the 
other legs AM and AJV are equal. 

152. Problem. To inscribe a circle in a given tri- 
angle ABC (fig. 84). 

Solution. Bisect the angles A and B by the lines AO 
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and BO, and their point of iutevsectioa is the centre of 
the required circle, and tlie perpendicular OD let fall 
from O upon the side t3C is its radius. 

Proof. The perpendiculars OD, OE, and OF let fall 
from upon the sides of the timngle ire equal to each 
other. For in the right tiiangles O^D and O^E the 
hypothenuse OJi is common the ^ngle OJtD = O^E 
by construction, and the third angle JOD^AOE, by 
^67 ; the triangles aie theretoie equal by § 53 ; and OD 
is equal to OE. In the simo v, n it m*iy be proved that 
OF=OiJ=OE. 

Hence the eircumferenoe VFE passes through Ihe 
points D, F, E, and the sides arc 'tangents to it, by 
% 120. 

153. CoroUary. The three lines JIO, BO, and CO, 
which bisect the three angles of a triangle, meet at the 
same point. 

154. Problem. Upon a given straight line AB (figs. 
85 and 86), to describe a segment capable of containing 
a given angle, that is, a segment such that each of the 
angles inscribed in it is equal to a given angle. 

Solution. Draw BF, making the angle ^BF equal to 
the given angle. Draw BO perpendicular to HF, and 
OC perpendicular to the middle of ^B. From O, the 
point of intersection of OB and OC, with a radius OB 
= 0^, describe the circumference BMJiK, and BMA is 
the segment required. 

Proof. Since BF is perpendicular to BO, it is a tan- 
gent to the circle, and therefore the angles JiMB and 
JIBF are equal, since they are each, by ^ 107 and 121, 
measured by half the arc .AJVB. 

155. Scholium. If the given angle were a right angle, 
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the segment sought would be a semicircle described upon 
the diameter AB. 

156. Problem. To find a common measure of two 
given straight lines, ^B, CD (fig. 87), in order to ex- 
press their ratio in numbers. 

Solalwn. a. The method of finding the common di- 
visor is the same as that given in arithmetic for two num- 
bers. Apply the smaller CD to the greater JIB, as many 
times as it will admit of; for example, twice with a re- 
mainder BE. 

Apply (he remainder BE to the line CD, as many timea 
as it will admit of; twice, for example, with a remainder 
DF. 

Apply the second remainder DF to the iirst BE, as 
many times as It will admit of; once, for example, with a 
remainder BG. 

Apply the third remainder BG to the second DF, as 
many times as it will admit of 

Proceed thus till a remainder arises, which is exactly 
contained a certain number of times in the preceding. 

This last remainder is a common measure of the Iwo 
proposed lines ; and, by regarding it as unity, the values 
of the preceding remainders are easily found, and, at 
length, those of the proposed Sines from which their ratio 
in numbers is deduced. 

If, for example, we find that GB is contained exactly 
three times in FD, GB is a common measure of the two 
proposed lines, 

b. Let G£ = i; 

and we have 

EB = 1.FD+ GB'^ 3-|-l= 4, 
CD^2.EB + FD= S + S^n, 
^B=-2. CD + DB^aa 4-4 = 26 ; 
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consequently, the ratio of tlio lines JIB, CD is as 26 to 
11 ; tliat is, ^B is ;| of CD, and CD is l\ of^B. 

157. Corollary. By a like process, may be found 
the ratio of any two quantities, which can be succes- 
sively applied to each oiber, like straight lines, as, for 
instance, two arcs or two angles. 



CHAPTER X. 

PROi'ORTIONAL LINES. 

153. Theorem. If lines « a', 6 6', c c', &.c. (fig. 88), 
are drawn through two sides ^B, <SC of a triangle 
£BC, parallel to ths third side BC, so as to divide 
one of these sides ^3 into equal parls A a, ah, &c., 
the other side AC is also divided into equal parts Jl'a\ 
a'b', &c. 

Proof. Through the points a', h' , c' , 8(c, draw the 
lines a' in, b' n, c'o, 8tc. parallel to .5B, 

The triangles .A a a', a' m 6', b' n' c, &c, are equal, by 
% 53 ; for the sides a' m, b' n, c' o, &c. are, by § 79, re- 
spectively equal to ah, be, ed, &c., and are therefore 
equal to each other and to ^« ; moreover, the angles 
^aa', ma' 6', nb' c', &.c. are equal, by § 29, and likewise 
the angles Jlaa', a'mb', b'nc', Stc. Consequently, the 
sides .3 a', a' b' , h' c'. See. are equal. 

159. Problem. To divide a given straight line AB 
(fig. 89) into any number of equal parts. 
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SobUion. Suppose the number of parts is, for example, 
six. Draw the indefinite line ^0 ; take AC oC any con- 
venient length, apply it six times to AO. Join B and tlie 
last point of division J) by the line BD, draw CE parallel 
to DB, and AE, being applied six times to AB, divide? 
it into six equal parts. 

Proof. For if, through points of division of AD, lioew 
are drawn parallel to DB, ihey must, by the preceding 
theorem, divide AB into six equal parts, of which AE is 

160. Theorem. If a line Z)fi (fig. 90) is drawn through 
two sides AB, AC of a liiangle ABC, pavalJel lo the 
third side J3C, it divides those two sides proportionally, 
so that we have 

AD: AB^AE: AC. 
Proof, a. Suppose, for example, the ratio of ^i>: .5B 
to be as 4 to 7. AB may then be divided into 7 equal 
parts Aa, ah, be, &c., of which AD contains 4 ; and if 
lines an', bb', cc', &.c. are drawn parallel to J!C, AC is 
divided into 7 equal parts Aa', a'b', b'c', &,c., of which 
AE contains 4. The ratio of .^fi to AC is, therefore, 4 
to 7, the same as that of AD : AS. 

161. SckoUuin. b. The case in which .^D and .ajS are 
incommensurable, is included in this demonstration by 
the reasoning of ^ 93. 

162. Corollary. In the same way 

ADiBD^AE: EC. 
and 

BD:AB = EC: AC. 

163. Theorem. Conversely, if a line DE (fig. 90) 
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Division of a Line into Parts propoiiional to given Lines. 

Is drawn so as to divide two sides AB, AC of a tri- 
angle propovtionally, this line is parallel to the third side 
BC. 

Proof. For the line, which is drawn through the point 
D parallel to ifC must, by the pieceding proposition, 
pass through the point E, so as to divide the side AC pro- 
portionally to AB, and must therefore coincide with the 
proposed hne SE. 

164, Problem. To divide a given straight line ^.B 
(fig. 91) into two parts, which shall he in a given ratio, 
as in that of the two lines m to n. 

Solution. Draw the indefinite line AO. Take AC 
= m and CD = ,.. Join DB, through C draw CE paral- 
lel to DB ; and E is the point of division required. 

Proof. For, by ^ 161, 

AE-.EB^AC: CB = m:n. 

165. Prohkm. To divide a given line AB {fig. 92) 
into parts proportional to any given lines, as ro, «, o, 
&c. 

Solution. Draw the indefinite line AO. Take 
AC^M, CD = «, I>E = o, &c. 

Join B to the last point E, and draw CC, TJB'. Sec, 
parallel to BE. C', D', &c. are the required points of 
division. 

Proof. For, if AE is divided into parts equal each of 
them to the greatest common divisor of ra, n, o, &.c., and 
if, through the points of division, lines are drawn parallel 
to BE ; it appears, from inspection, as in ^ 160, that 

AC: C'D'^-^AC: CD = m: n. 
and that 
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CD' : D'B =CD: DE = n:o; 
or, aa they may be written for brevity, 

^C: CD': D'B = m:n:o. 

165. Problem. To find a line, to wiiicli a given 
line tiB (fig. 93) Ijas a given raiio, as that of the lines 
m to w; in other words, to find tlic fourili proportional 
to tliG three lines m, n, and ^B. 

Solulion. Draw the indefinite line ^B, take 
^C = m, AD = n. 

Join CB, draw DE parallel to BC, and JE is the re- 
([uircd line. 

Proof. For, by ^ 160, 

./iB:J]E = 4C:JiD^m:n. 

166. Corollary. By making n equal to -^B in the pre- 
ceding solution, we find a third proportional to the two 
lines m and ,3B. 

167 P ohlem. To divide one side BC (fig. 94), 
of a tra Je JlEC into two parts proportional to the 
other t o s des. 

Sol I Draw the line M> to bisect the angle B^C, 
and JD is the required point of division, that is, 
BD: DC = J1B: AC. 

Proof. Produce B.9 to E, making ^E equal to AC. 
Join CE. 

Then the angles ACE and AEC are equal, by § 55 ; 
and the exterior angle CAB of the triangle ACE is equal 
to ACE -\~ AEC, or to 2 Ci'.^, and, as DAB is half of 
BAC, we have 

J5.aB = H2 CEA) =- C£.a ; 
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and, therefore, by ^ 51, ^D is parallel 
§ 161, 

or, since ^E-=J1C, 



AC. 

point P (fig. 95) 
I thai the parts 



BD: BC=^BA: 

168. Prohhm. Throng 
in a given angle A, to drai 
lercepted beHveen the point and the sides of the angle 
may be in a given ratio. 

Solulion. Draw PB pavailcl to AB. Take DC in the 
same ratio to AD as the parts of the required fine. 
Through C and P draw CPE, and this la the required 

Proof. For, by § 161, 

CP:PE=-CD: DA. 

169. Corollmij. When DC is taken equal to AD, PC 
is equal to PE. 



CHAPTER XI. 

SIMILAR POLYGONS. 



170. Definitions. Two polygons are similar, which 
are equiangular with respect to each other, and have 
their komologoits sides proportional. 

In different circles, similar arcs are such as corre- 
spond Co equal angles at the centre. Thus the arcs ^P, 
J^D', &c. (fig. 46) are similar. 
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^iiM I'olys..,, 



171. Definitions. Tlie altitude of a parallelogram 
is the perpendicular, wliicli measures llie distance be- 
tween ifs opposite sides considered as bases- 

The allilude of a triangle is the perpendicular, as 
^B (fig. 96), which measures the distance of any one 
of its vertices, as .5, from the opposite side SC taken 
as a base. 

The altitude of a trapezoid is the perpendicular, as 
EF (fig. 97), drawn between its two parallel sides. 

172. Theorem. Two triangles JlBC, DEF (fig. 
9S), which are equiangular with respect to each other, 
are similar. 

Proof. Place the angle D upon its equal A ; E must 
fall upon E', and i^upon F; and FE' is parallel to BC, 
because the angles AE'F' and ACB are equal. Hence, 
by § 160, 

JiE: JlC=^JiF':AB, 
that is, 

BE: AC^DF-.JIB. 
In the same way, it may be proved that 

VE: JIC^EF: BC==I)F: AB. 

173. Corollary. Hence, and from § 67, it follows 
that two triangles are similar, when they have two an- 
gles of the one respectively equal to two angles of the 
other. 

174. Corollary. Two right triangles are similar, 
when they have an acute angle of the one equal to an 
acute angle of tlie other. 

175. Theorem. Two triangles are similar, when 
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they have the sides of the one respectively parallel to 

those of tbe olber. 

Proof. For, in this case, the angles are equal by § 29, 
nS, Corollary. The parallel sides are homologous. 

177. Theorem. Two triangles are similar, when 
the sides of the one are equally inchned !o those of the 
Other, each lo each, as JIBC, DEF {6g. 99). 

Proof. For if one of the triangles is turned around, 
by a quantity equal to the angle made by (he sides of the 
one with those of the other, the sides of the two triangles 
become respectively parallel, and Ihey are, therefore, by 
^ 175, equiangular and similar. 

178. Corollary. Two triangles are similar, when 
the sides of the one are respectively perpendicular to 
those of the other, and the perpendicular sides are 
homologous. 

179. Theorem. Two triangles ^BC, DEF (fig. 
98) are similar, if they have an angle ^ of the one 
equal fo an angle D of the other, and the sides including 
these angles proportional, ihat is, 

AB:DF=^C:nE. 

Proof Place the angle D upon Ji ; E falls upon E', 

and F upon F' ; and E'F- is parallel to BC, by ^ 162, be- 

.AB: AF'=^AC:AE'. 
Hence, by § 30, the angle C^AE-F'=^E, 
and B = JiFE' = F; 

that is, the triangles ABC and DEF are equiangular, 
and, by S} 172, similar. 

180. Theorem. Two triangles ^BC, DEF (fig. DS) 
are similar, if they have their homologous sides pro- 
portional, that is, 
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JIB : DF= AC:DE=BC: EF. 

Pruof. Take AE' = DE, and draiv E'F pamllel to 
BC. The triangles AE-P and ^JJC uve similar, by 
§ 175, and we arc to prove that AE'F' is equal to DEF. 
Now, by ^ 160, 

AE': JiC^AF': AB, 
and, by hypothesis, 

DE or AE' -.AC^DF: AB. 
Hence, on account of the common ratio AE' ; AC, 

AF': AB = DF:AB; 
that is, AF and DF are in the same ratio to AB, and are 
consequently equal. 

In the same way it may be proved that E'F and EF, 
being in the same ratio to BC, are equal ; and as the tri- 
angle DFE has ils sides equal to those of AE'F, it ia 
equal to AE'P, and is, therefore, similar to ABC. 

181. Theorem. Lines ^F, AG, &c. (fig. 100), 
drawn at pleasure through the vertex of a ti'iangle, di- 
vide proportionally the base BC and its parallel BE, 
so ihat 

DI: BF=IK:FG=^KL: GH, &c. 
Proof. Since DI is parallel to BE, the triangles ADI, 
ABF are equiangular, and give the proportion, 

DI: BF=AI: AF ; 
also, since J/*: is parallel to FG, 

Al: AF^-IK: FG ; 

nnd, therefore, on account of (ho common ratio AI : AF, 

DI: BF=rIK: FG. 
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It may be shown in like way, that 

IK-.FG^KL: GH, &c. 
132. CoroUury. When jGC is divided into equal parts, 
the parallel DE is likewise divided into equal parts. 

183. Theorem. The perpendicular JiD [fig. 101) 
upon the hypothenuso EC of the right iriangle BJIC 
from the vertex Jl of llie right angle, i3ivides the iri- 
aiigle into two triangles BJID, CAD, which are similar 
to each other and to the whole triangle BAC. 

Proof, a. The right triangles BAG and BAD are 
similar, by ^ 174, for the acute angle B is commou to 
them both. 

b. In the same way it may he shown, that DJiC is 
similar to BAG, and, therefore, to B.liD. 

184. Corollary. From the similar tnangies BtSD, 
BtSC, we have 

BD: EJl=BA:BC, 
thai is, the leg BA is a mean proportional between the 
hypolhenuso BC and the adjacent segment BD. 

a. In the same way ^C is a mean proportional be- 
tween BC and DC. 

185. Corollary. From the similar triangles BAD, 
CAD, we have 

BD-.DA-=DA:DC, 
or, the perpendicnlar DA is a mean proportional be- 
tween the segments BD, DC of the hypothenuse. 

186. Theorem. If fi'ora a point A (fig. 102), in 
the circumference of a circle, a perpendicular AD is 
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drawn to the diameter BC, it is a mean proportional 
between llie segments BD, DC of the diameter, 

Pronf. For, if the chords £B, AC are drawn, the tri- 
angle llAC is, by ^ 109, right-angled at Ji. 

187. Corollary. The chord BA is a mean proportional 
between the diameter BC and the adjacent segment BD. 

Likewise, .,30 is a mean proportional between BC and 
DC. 

I8S. Problem. To 6nd a mean pi-oportiooal between 
I WO given lines. 

Solution. Drawtheindcfmiteline^^ (fig. 103). Take 
AC equal to one of the given lines, and BC equal to the 
other. Upon JIB as a diameter describe the semicircle 
ADB. At C erect the perpendicular CD, and CD is, by 
§ 186, tiie required mean proportional. 

ISO. Tkeorevi. The parts of two cbords which cut 
each oilier in a circle are reciprocally proportional, that 
is (fig. 104), ^0: DO = CO: BO. 

Pi-oof. Join AD and CB. In the triangles JlOD and 
COB, the angles AOD and COB are equal, by ^ 23 ; 
also the angles ADO and CBO are equal, by § 108, be- 
cause they arc each measured by half the arc AC, and, 
therefore, tbe triangles AOD and COB are similar by 
§ 173, and give the proportion 

AO: DO=^CO: BO. 

190. Theorem. If, from a point (fig. 105), taken 
without a circle, secants O^, OD be drawn, the en- 
tire secants AO and DO are reciprocally proportion- 
al to the parts BO and CO without the circle, that is, 
AO:DO=CO: BO. 
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Proof. Join AC and BD. In (he triangles AOC auJ 
BOD, the angle is common, and the angles BAC aad 
BDC are equal, hy ^ 103 ; these triangles are, there- 
fore, similar, hy § 173, and give the proportion 
AO: nO= CO: BO. 

191. Theorem. If, from a point (fig. 106), taken 
without a circle, a tangent 00 and a secant OA be 
drawn, tlie tangent is a mean proportional between the 
entire secant and the part without the circle, that is, 

AO: CO=CO:BO. 
Proof. When, in (fig, 105), the secant OC is turned 
about the point until it becomes a tangent, as in (fig. 
106), the points C and D must coincide, CO must be 
equal to DO, and the proportion (fig. 105) 
JIO: DO=CO:BO, 
becomes (fig. 106) AO : C0= CO: BO. 

192. Problem. To divide a given line .^.S (fig. 10?) 
at the point C in extreme and mean ratio, that is, so that 
we may have the proportion 

AB: AC = AC: CB. 
Solv.tion. At B erect the perpendicular BD equal to 
half oCAB. Join AD, take DE equal to BD, and AC 
equal to AE, and C is the required point of division. 

Proof. Describe the semicircumference EBF with the 
radius DB to meet AD produced in F ; and, by the pre- 
ceding proposition, 

AF:AB = AB: AE ; 
and, by (he theory of proportions, 

AB: AF--AB = AE: AB — AE. 
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Similar P o lygons compoEed of GJniibr T.hiflglea. ^ 

But ABr=^. BD = E1'; 

and AE^JIC; 

iienco J1F—J1B=^ AF— EF= J>E = ^C, 

and ^B — ^E = ^B ~ v5 C = iJ C ; 

and the preceding propoKioii becomes 
A1S:AC = AC:SC. 

193. Theorem. If two polygons .1BCD, &c., 
^' B' CD', &c. (fig. lOS) are composed of tlie sartie 
number of triangles ^SC, .^CA &c., A'B'C, A'C'D', 
&c. wliicli are similar each to each and similarly dis- 
posed, the polygons are similar. 

Proof. Since the triangles ABC, &c. are similar to 
A'B'C, &.C., theiv angles must be equal each to each. 
Hence the angle .i of the first polygon, which is the sum 
of the angles BAG, CAD, &c. is equal fo the angle J.' of 
the second polygon, which is the sum of B'A'C, CAD; 
&c. Also B==B', 

C^BCA-{-ACD=B-C'A'-\-A'CD'= C, &c.; 
the polygons are tlierefore equiangular with rospeet to 
each other. 

Theh' homologous sides are, moreover, proportional, 
for the similar triangles give 

JiB: A'B'^BC-.B'C, 
and DC: B'C'^JIC : A'C' 

^ CD : CD', &c. 
Hence, by § HO, the polygons are similar. 

194. Problem. To conslruet a polygon similar lo a 
given polygon ABCD, Sic. (fig. 108) upon a given line 
.i'B', homologous lo the side AB. 
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Kquilileral Biiuiiar Polygons aro et|ud. 

SohUion. Join AC, AD, &c. Draw A'C, AD', &c., 
maldng the angles B'A'C = BAC, C'A'D= CAD, &c. 

Draw B'O, making the angle AB'C'^ABC, and 
meeting A! C at C. Draw CD', making the angle A'C'Y}' 
— ACD, and meeting A'D' at D' ; and so on. 

The polygon A'B'C'D' &c. thus constructed, is tho re- 
quired polygon. 

Proof. For, by § ITS, the successive triangles A'B'C, 
A'C'D', &c. are similar to ABC, ACD, &c. each to each, 
and therefore, by the preceding theorem, the polygons 
are similar. 

195. Theorem. If the similar polygons JIBCD &c. 
AB'C'D' &.C. (fig. 109) have a side ^B of the one 
equal to the homologous side Jl'B' of the other, the 
polygons are equal. 

Proof. The polygons are, by ^ 170, equiangular ; 
they are also equilateral, for, by ^ 170, the ratio of BG 
to B'C is the same as that of AB to A'B', or the ratio of 
equality; that is, BC=B'C', and, in the same way 
CD^C'D', &c. 

If, then, A'B' is placed upon AB, B'C will take the di- 
rection of BC, because the angle B'= C' ; and C will 
fall upon C, because iJ'C'^=BC ; and in the same way 
it may be shown, that D' falls upon D, E' upon E, &c, ; 
so that the polygons coincide, and are equal. 

196. Theorem. Two similar polygons JIBCD &c., 
A'B'OD' &c. (fig. lOS), are composed of ilie same 
number of triangles £BC, JICD, &c., A'B'C, A:OD', 
&c., which are similar eauh to each and similarly dis- 
posed. 
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Proof. Construct upon •B!B' homologous to JiB, by 
^ 194, a polygon similar to ABC3 Stc, and it must also 
be similar to A'B'C'D' Sic, and must therefore, by the 
preceding proposition, coincide with it ; so that -A'B'C'D' 
&c. must, from § 194, be composed of triangles similar 
and similarly disposed to those of -5BCD &.c. 

197. Theorem. The perimeters of similar polygons 
are as llieir homologous sides. 

Proof. Prom the definition of ^ 170, the similar poly- 
gons ABCD &.C. (fig. 108), A'B'C'D' &.c. give the pro- 
portion 

An : A'B'^BC ■.B'C'=CI>: C'J)', $lc. 

Now the sura of the antecedeiifa of this continued propor- 
tion ia AB -^ BC -j- CD-\- &c., or the perimeter of 
ABCD Sec, which we may denote by the letter P ; am) 
the sum of the consequents is A'B' + 5' C + OD' -^ &.c. , 
or the perimeter of A'B'C'D' &c., which we may denote 
by P'. 

Hence, from the theory of proportions, 

P:P'=^AB : A'B'=BC:B'C',S^a. 

198. Theorem. If two homologous sides JIB, A'B', 
(figs. 109, 110, 111) of two similar triangles, parallelo- 
grams, or trapeaoids, are assumed as their bases, the 
altitudes CE, C'E' are to each other as the homologous 
sides. 

Proof. Since the acute angles CAB, C'A'B' are, by 
§ 170, equal, the right triangles AEC, A'E'C are, by 
^ 174, similar, and give the proportion 
AC: A'C'=CE: C'E' 
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199. Corollary. The liomologous altiiudes of Uvo 
similar triangles, &c. are io eacli oilier as llieir homolo- 
gous bases. 

200. Corollary. The perimeters of two similar tri- 
angles, p avail elog rams, or trapezoids are to eaeli other 
as their homologous altitudes. 



CHAPTER Xn. 

RUCULAR POLYGONS. 

201. Definition. A regular polygon is one which 
is at the same lime equiangular and equilateral. 

Hence the equilateral triangle is the regular polygon 
of tbjee sides, aad the square the one of four. 

203. Theorem. Every equilateral polygon, as ABCD 
&c. (fig. 112), which is inscribed in a circle, is regular. 

Proof. As the polygon ABCD &c. ia supposed to ba 
equilaterai, we have only to prove that it is also equi- 
acgulai-. 

Now the arcs A3, BC, CD, &.c. are equal, for they are 
subtended by the equal chords .SB, BC, CD, &c. ; and, 
therefore, twice these arcs, or the arcs ABC, BCD, 
CDE, fee. are equal. 

Hence tbe angles ABC, BCD, CDE, &.c. arc equal, 
since Ihey are inscribed in equal segments. 

203. Theorem. An infinitely small arc AB (fig- 113) 
coincides with its chord JIB. ^* 
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Tiio Circle is a reguUr Po!yE<M or,™ inlinito number cf Sidea. 

Proof. Througli C the middle of the chord AB draw 
the radiuH DO. Complete the rectangle DEJIC, by ^ 147 ; 
and, as tlie aide BE is perpendicular to OD, it is n tan- 
gent to the circle. 

The arc .^jD is, then, less than the sum of the inchidiug 
linea JE4- J>E = .aC~j~ DC; nnd 

2^0<2^C4-2 7?C, 
or 

the arc AB < the chord JIB ^2 DC; 

the arc .SB— the chord .3B < 2 DC, 

that is, the difference between the arc *3.5 and its chord ia 
less than 2 DC. 
But, by § 186, 

CF- .SC=^^C: Ci? = 2^C: 2 CD 
= thechord^S:2 CD; 
that is, 2 CO has the same ratio to the chord JIB, which 
the infinitely small line AC has to CF ; so that 2 Cfl is 
infinitely amall in comparison with the chord JIB. And, 
as the difference between the chord and the arc ia smaller 
than 2 CD, it must likewise be infinitely small in com- 
parison with either the chord or the arc, and may, by 
^ 99, he neglected. The arc J3B is, therefore, equal to 
the chord .SB, and must, by ^ 18 and 16, coincide with it. 

204. Theorem. The circle is a regular polygon of 
an infinite number of sides. 

Fronf. Suppose the circumference ABCD &c. (fig. 
114) divided into the infinitely small a.nd equal arcs JiB, 
BC, CD, &.C. The polygon formed by the chords of 
these arcs is, by § 202, a regular polygon of an infinite 
number of sides ; but since, by the preceding theorem. 
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the arcs coiocide with tlie chords, this polygon is tlie cir- 
cle itself. 

205. Scholium. The two preceding demonstrations con- 
tain the following obvious and necessary limitation of the 
axiom of §99. 

The infinitely small quantities, which are neglected 
by the axiom of § 99, must be infinitely small in com- 
parison with those which are retained. 

In the present case, indeed, the difference between the 
inHnitely small arc and its chord is infinitely small, and 
yet it could not be neglected if it were not infinitely small 
in comparison with the arc. For, as the sum of all these 
differences corresponding to all the arcs of the circle has 
the same ratio to the sum of all the arcs, that ia, to the 
entire circumfeveace, which each difference has to its arc ; 
the sum of the differences, that is, the diftcreiice between 
the circumference of the circle and the perimeter of the 
polygon of an infinite number of sides, would not be in- 
finitely small, and, therefore, capable of being neglected, 
unless each difference were infinitely small in comparison 
with its arc. 

206. Theorem. Two regular polygons ABCD, &c. 
A'B'O'D', &c. (fig. 115), of the same number of sides, 
are similar. 

Proof. For, they are equiangular with respect to each 
other, since the sum of their angles is the same, by § 72, 
and each angle of each polygon is found by dividing this 
common sum by the number of sides. 

Their homologous sides are, moreover, proportional ; 

J)B = BC= CD, &c. 
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^B: AB'=^nC:B'C'^CD: C'B', &c. 

207. Corollary. Hence, and by § 197, llie peiim- 
eters of regolai- polygons are to each oilier as their 
liDiiiologous sides. 

203. Theorem. Two circles are similar regular poly- 
gons. 

Proof. The number of sides of each circle is any 
infinife number whatever, and, if we choose, the same 
infinite number for all circles. 

209. Theorem. A regular polygon of any number 
of sides may be inscribed in a giveo circle. 

Proof. Suppose the circumference ^SCD &c. (fig. 
il6) to be divided into any Dumber of equal arcs AB, 
BC, CD, &c. Their chords SB, BC, CD, &c. are also 
equal, by ^ 112 ; and the polygon .SBCD, he. formed by 
these chords is, by ^ 202, a regular polygon of a. num- 
ber of sides equal to that of the arcs SB, BC, CD, he. 

210. FrobUm. To iDscribe in a given circle a regu- 
lar polygon, which has double the number of sides of 
a given inscribed regular polygon SBCD &c. (fig. 
IIG). 

Solution. Bisect the arcs SB, BC, CD, &c. at the 
points M, JV, 0, P, he. Join SM, MB, BJf, JVC, fe.c., 
and SMBJVCO, &c. is the required polygon. 

Proof. For the sides SM, MB, BJV, JVC, £^e. being 
the sides of equal arcs, are equal, and, by ^ 202, the 

311. CoroUartj. By bisecting the arcs JlJif, MB, 
BJV*, &c., a regular inscribed polygon is obtained of 
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4 times the number of sides of the given polygon; and, 
by continuing the process, regular inscribed polygons 
are obtained of S, IG, 32, kc. times the number of sides 
of the given polygon. 



212. Problen 
circle. 

Solution. Dra 
m) perpendii 



To i 



sqiiar 



/ the two diameters .SB and CD (fig. 
ar to each other; join AD, DB, BC, 
is the required square. 
~cs AD, BD, BC, and JiC are equai 
; and therefore their chords AD, DB, 
equal, and, by §^ 201 and 203, ADBG 



Cfl; and ABB C 

Proof. The ai 

being quadrants 

BC, and CA are 

213. Corollary. Hence, by §§ 210 nnd 211, a poly- 
gon may be inscribed ii) a circle of 8, IG, 33, G4, &C 
sides. 

214. Problem. To inscribe in a given circle a regu- 
lar hexagon. 

Sohdion. Take the side BC (fig. 118) of the hcxagoti 
equal to the radius AC of the circle, and, by applying it 
sis times round the circumference, the required hexagon 
BCDEFG is obtained. 

Proof. Join AG, and we are to prove that the arc BC 
is one sixth of the circumference, or tbat the angle BAC 
is J of four right angles, or i of two right angles. 

Now, in the equilateral triangle ABC, each angle, as 
BAC, is, by ^ 70, equal to ^ of two right angles. 

215. Corollary. Hence regular polygons of 12, 24, 
48, &c. sides may, by §§ 210 and 211, be inscribed in 
a given circle. 
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216. Corollary. An equilateral triangle J5i>Ji' is in- 
scribed by joining the altei'nale vertices, B, 1), F. 

217. Problem. To icscribe in a given circle a reg- 
ular decagon. 

Solution. Divide the radius AB (fig. 119) in extreme 
and meaa ratio at the point C. Take BD for the side of 
the decagon equal to the larger part AC, and, by apply- 
ing it ten times round the circumference, the required 
decagon BDEF 8tc. is obtained. 

Proof. Join AD, and we are to prove that the arc BD 
is i'o of the circumference, or that the angle BAD is i^ of 
four right angles, or J of two right angles. 

JoinUC. The triangles BCD and ABD have the 
angle B common ; and the sides BC and BD, which in- 
clude tills angle in the one triangle, are proportional to 
the sides BD and AB, which include the same angle in 
the other triangle. For, by £| 192, 

BC: AC^AC: AB ; 
but, by construction, BD is equal to AC, and, being sub- 
stituted for it in. this proportion, gives 

BC: UD = BD: AB. 

The triangles Ji CD and ABD are therefore similar, bv 
^ 179. 

Now the ti'iangle ABJ) is isosceles, and therefore BCD 
must also be isosceles ; and the side DC is equal to BD, 
which is equal to AC ; so that (he triaagle ACD ia aiso 
isosceles. 

We have, therefore, 

the angle ^ = the rxaglB ADC ; 
and, by ^ 71, 

the angle BCD = lho angle ./J + the angle ADC 
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= twice the angle A, 
But, in the isosceles triangles BCD and JiCB, 
tho angle £CiJ=- the angle CBli 
= tlie angle ABB 
= twice tlic angle A, 
and the sum of the three angles ABD, ADB, and A of 
the tviangle ABB, or hy % G6, two right angles, Is equal 
to five times the angle A. Hence, ^ is J of two right 
angles. 

218. Corollary. Hence, regular polygons of 20, 40, 
80, &c. Bides may, §§ 210 and 211, be Inscribed in a 
given circle. 

219. Corollary. A regular pentagon BEGIL is 
inscribed by joining the akeniate vertices B, E, G, 
/, /.. 

220. Problem. To inscriba in a given circle a regu- 
lar polygon of 15 sides. 

Solution. Find, hy ^ 217, the arc AB {fig. 190) equal 
to ^ of the circumference, and, by ^ 214, the arc AC 
equal to J of the circumference, and the chord BG, being 
applied J5 times round the circumference, gives the re- 
quired polygon. 

P)w/. For the arc BC is 1 — -;^=^-^-, of the circum 
feieucc. 

221. Corollary. Hence, regular polygons of SO, 
60, 120, &c. sides may, by §§ 210 and 211, be in- 
scribed in a given circle. 

222. Problem. To circumscribe a circle about a 
given regular polygon ABCD &c. (fig. 121). 
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T" circutr.Ecribe a Circle nbout a Regiil.ir Polygon. 

Solution Find, by ^ HR, the cii-cumference of a circle 
which passes through thf; three vertices M, B, C; and 
this circle is circuaiseribcd about the given polygon. 

Proof. Suppose the circumference divided into the 
same number of equal arcs AB', BC, ac. as that of the 
sides of the given polygon. The chords AB', B'C, fee. 
form, by ^ 202, a regular polygon, which, by ^ 206, is 



similar to ABCD U.c. 




Hence, 




the angle ABC^ the angle AS' C ; 




and, consequently, by ^ 108, the arc ABC, whi 
the arc AB, is equal to the arc AB'C, whioh i 
arc AB'. We have then. 


!ch is twice 
s twice the 


thearc^B==thearc.aiJ', 





and the chord AB is etjuai to the chord AB', and coincides 
with it. The polygons AB'C'B' &c., ABCD &c., must, 
therefiire, by ^ 195, coiacide ; and the circle is circum- 
scribed about the given polygon. 

223. Corollary. There is a point in every regular 
polygon equally distant from all its vertices, and which 
is called llie centre of the polygon. 

224. Corollary. If we join AO, BO, CO, &c,, the 
angles AOB, BOO, COD, &c. are all equal, and each 
lias the same ratio to four right angles, which the arc AB 
has to the circumference. 

225. CoroUanj. The isosceles triangles AOB, BOO, 
COD, &c. are all equal. 

'226. Corollary. Tho angles OAB, OBA, OBC, OCB, 
&c. are all equal, and each is half of the angle ABC. 

227. Problem. To inscribe in a given circle a regu- 
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ir Polyg™. 



lar poiygon, similar fo a given regular polygon JIBCD 
&c. {fig. 123) 

Sohdion. From the centre O of the given polygon 
draw the lines AO, BO ; at the centre 0' of the given 
circle make the angle A'O'B' equal to AOB, und the 
chord A'B\ being applied round the circumference as 
many times aa ABCD Stc. has sides, gives the required 
polygon A'B'C'D' &.c., as is evident from ^ 224. 
■. 228. Theorem. The sides of a regular polygon are 
all equally distant from its centre. 

Proof. Let fall the perpendiculars OM, OjV, OP, &c. 
(fig. 122), from the centre 0, upon the sides AD, BC, 
&c. In the right triangles OAJil, OBM, 0£JV, OC/V, 
OCP, &.C., the hypothenuses OA, OB, OC, &.c, are all 
equai, by ^ 223, and the legs AM, MB, BN, JVC, CP, 
&c. are equal, since each is, by § 116, half of ^B, or of 
its equal BC, &c. The triangles OAM, OBM, OBJV, 
&c. are, conscquenlly, equal, by § 64 ; and the perpen- 
diculars OM, OJV, OP, &o. are equal. 

229, Problem. To inscribe a circle in a given regu- 
lar polygon ^BCD Sic. (fig, 124). 

Solvtian. From the centre of the polygon, with a 
radius equal to OM, the distance oi AB from 0, describe 
a circle, and it is the required circle. 

Proof. The distaoces OM, OJV, OP, Sac. are all equal, 
by ^ 228, and therefore the circumference passes through 
the points JW, JV, P, Stc, ; and the sides AB, BC, CD, 
&c. are all, by ^ 120, tangents to the circle ; and the 
circle is, by ^ 118, inscribed in the polygon. 



230. Problem. ' 
cle a polygon similar to a given inscribed polygon 
ABCJ) &c. (fig. 125), Q 
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Homolosiras Sides of Regular Poljgona. 

SohUion. Through the points Ji, B, C, D, fee. draw 
the tangents Jl'B', B'C', Oiy, &c. and A'B'C'D' is the 
required polygon. 

Proof. The triangles AB'B, BC'C, he. are by ^ 151, 
isosceles ; they are also equal, for the sides ^B, BC, 
&.C. are equal, and the angles BAB', ABB', CBC',BCC', 
Sic. are equal because they are measured by the halves 
of the equal arcs ^B, BC, &.c. Hence the angles ^', B', 
&.C. are equal, and the sides ^'B', B'C, Stc. are eqrral, 
and A'B'C &.c. is a regular polygon of the same number 
of sides with JIBC &c. 

231. Corollary. A regular polygon of 4, S, 16, 
&c.; 3, 6, 12, &c. ; 5, 10, 20, &c. ; 15, 30, 60, &c. 
sides ; or, one similar to any given regular polygon may, 
therefore, be circumscribed about a circle by means of 
§§212-221, aod 22S. 

232. Theorem. Tbe homologous sides of regular 
polygons of the same number of sides are to each other 
as tbe radii of tbeir circumscribed circles, and also as 
the radii of their inscribed circles. 

Proof. Let ABCD, &.c., A'B'C'D', &c. (fig. 126) bo 
regular polygons of the same number of sides, and let 0, 
O be their centres ; OA, O'A' are the radii of their cir- 
cumscribed circles', and the perpendiculars OP, O'P' are 
the radii of their inscribed circles. 

Join OB, O'jy. The triangles OAB, O'A'B' are simi- 
lar, by ^5 173, for the angle OAB^ OB A ^ O'B' A' ^ 
O'.^-5'for eachishainhe angle .4/iJC==.*ii'C'. Hence, 
by ^ 198, 

OP : O'P' = AB : A'B' = OA : O'A'. 
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The Ratio of a 



233, CoroUm-y. Hence, the perimeters of regular 
polygons of the same number of sides are, by § 207, 
to each otliei' as the radii of their inscribecl circles, and 
also as the radii of their circumscribed circles. 

234. Tkeorem. The circumferences of circles are 
to each oilier as their radii. 

Proof. For circles are similar regular polygons, by 
§ 208, and the radii of their inscribed and circumscribed 
circles are tlieir own radii. 

235, Corollary. The circumferences of circles are 
to each other as twice their radii, or as their diameters. 

236. Corollary. If we denote tha circumference of a 
circle by C, its radius by R, and its diameter by B \ also 
the circumference of another circle by C, its radius by R', 
and its diameter by B', we have 

C: C' = B. : R' = B: D'. 
Hence 

C : Ji = C' : fi' ; 
and 

C:B = C':D'. 



Hence, the circumference oi Lvciy ciicle ha 


B flio sa' 


ratio to its radius ; and al-^o to its diametei 




237. Corollary. If \\a denote the laiio 


< f the c 


cumference, C, of a circle to its dnmetei 


D, by 


we have 




C:D=n, 




also 




C = irXZ» = 27<Xfi, 
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'238. Corollary, u is the circumference of a cii-cle 
vvliose diameter is unity, and ilie semicircumference of 
a circle whose radius is unity. 



CHAPTER XIII. 



239. Definitions. Equivalent figures are fhoso which 
have the same surface. 

The area of a figure is the measure of its surface. 

240. Dejinilion. The unit of surface is the square 
whose side is a hnear unit ; so that the area of a figure 
denotes its ratio to the unit of surface. 

241. Theorem. Two rects.ng\es, as JIECB, AEFG 
(fig. 127) are to each other as the products of their 
bases by their altitudes, that is, 

^BCD : ^EFG = AB X -HC : JIE y. AF. 

Proof a. Suppose the ratio of the bases .SB to AE to 
he, for example, as 4 to 7, and that of the altitudes AC : 
AF to be, for example, as 5 to 3. 

AE may be divided into 7 equal parts Aa, ab, be, &.C., 
of which AB contains 4 ; and, if perpeudiculars aa', bb', 
&c. to AE are drawn through a. 6, c, &c., the rectangle 
ABCD is divided into 4 equal rectangles Aaa'C, abb'a', 
SiC, and the rectangle AEFG is divided into 7 equal 
rectangles Aaa"F, abb"a", Etc. 

Again, ,30 may be divided into 5 equal parts Am, mn, 
8tc., of which .3F contains 3; and, if perpendiculars mm', 
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n«', &.C. to AC are drawn through m, n, &.C., each of the 
partial rectangles of .3B CD is divided into 5 equal rectan- 
gles ; and each of the partial rectangles of AEFG is di- 
vided into 3 equal rectangles ; and all these small rect- 
angles arc, evidently, equal. 

Hence ^BCJ} contains 4 X 5 of them, and AEFG 
contains 3 X ^ of them ; that is, 

ABCn-.AEFG^A X S : 7 X 3, 
which is equal to the product of the ratio 4 : 7 by 5 : 3, 
or of AB -.ABhy AC: AF, so that 

JBCD: AEFG = AB X AC : AE X AF. 

b. This demonstration is readily extended to the case 
where the sides ai'e incommen sit rate by dividing the 
rectangles into infinitely small rectangles. 

242. Corollai-y. The rectangle .d-BCDis, consequently, 
hy ^ 240, to the unit of surface, aa AS X AC to unity, 
or as the product of its base multiplied by its altitude to 

Hence the area of a rectangle £.BCD is the product 
of its base by ils altitude, 

243. Corollary. The area of a square is the square 
of one of its sides. 

244. Corollary. Rectangles of the same altitude 
are to each other as their bases, and rectangles of the 
same base are lo each otlier as their altitudes. 

345. Theorem. Any two parallelograms ABCD, 
^BEF (fig. 128) of the same base and altitude are 
equivalent. 

Proof. The triangles ACF and BDE are equal, by 
^ 5! ; for the aides ^C and BD are equal, by § 78, being 
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the opposite sides of ^B CD ; also ^F and BE are equal, 
being the opposite side of JiBFE ; and the angles CjIF 
and DBE are equal, by ^ 29, since they liave their sides 
parallel. 

If, now, the triangle dCF is subtracted from the whole 
figure ^BCE, the remainder is JIBFE ; and if BDE Is 
subtracted from the whole figure, the remainder is ABCD. 
Hence, as ABCD and JiBFE are the remainders, after 
taking equal triangles from the same figure, they must 
bb equivalent. 

246. Corollary. A parallelogram is equivalent to a 
rectangle of the same base and altitude. 

247. Corollary. The area of a p a vail el o gram Is the 
product of its base by its allltudc. 

248. Corollary. Parallelograms of the same base 
are to each other as iheif altitudes ; and those of the 
sarae altitude are to each other as their bases. 

249. Problem. Every tri angle is half of a parallelo- 
gram of the same base and altitude. 

Proof. For the triangle ABC (fig. 39) is, by ^ 71, 
half of the parallelogram ^B CD of the same base and 
alfitude, and it is, Ihei-efore, by ^ 245, half of any paral- 



lelogram of the same base 

250. Corollary. All 
altitude are equivalent. 

251. Cor U J Tl 
product of i b b} 

252. Cor U J T 
each other i I i 
altitude are ! I 



md altitude, 
mdes of the same base and 
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253. Theorem. The area of a trapezoid is half the 
product of its aliitude by the sura of its parallel sides. 

Proof. Draw the diagonal AD (fig. 129) ; the trape- 
zoid ^BCn is divided into two triangles ^CC and AISD, 
the bases of ivhicti are ^B and CD, and the altitude of 
each is, by ^ 82, EF. 

The area of ABD is, by § 251, 

= lEFi<JiB, 
andthoareaof^C/) 

= IEFX CD; 
the sura of wliicli is 

the trapezoid ABCD = ^ EF X (SB -\- CD). 

254. Lemma. The line, which joins the middle 
points of the two sides of a trapezoid which are not 
parallel, is parallel to the two parallel sides, and is equal 
to half their sum. 

Proof, a. Through the middle points li and I (fig. 129) 
of the sides AC and BD, draw HJ, and (liraugh / draw 
03' parallel to CA. 

The triangles DIO and 1TB have the side i?f equal to 
IB, the angle DIO eqtial to the vertical angle BIT, and 
the angle IDO equal, by ^ SO, to IBT; and, therefore, 
the triangles DIO and ITB are equal, by ^ 53 ; and 

OI=IT=i OT. 
But, in the parallelogram OCAT, wc have, by ^ 78, 
CA^OT; 

0/=^ CA^CH; 
so that CHIO is, by § 81, a parallelogram ; and HI ta 
parallel to CD, and also to AB. 
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b. Again, iri the equal triangles 1)10, TJB, v 
no -= TB ; 



whence 



m==CO = CDi-DO, 

HI-= AT^AD — B 7'= AB — DO; 
a of which is 

Zlil^AB-^- CD, 



in^^{AB-\-CD). 

255. Corollary. Tlie area of a trapezoid is ihe pro- 
duct of its altitude by the line joining the middle points 
of the sides which are not parallel, 

256. Theorem. The square described upon tbe hy 
polhenuse of a right triangle is equivalent to the sum of 
the squares described upon tbe other two sides. 

Proof. Let squares be constructed npon the three sidea 
of the right triangle .SBC {fig. 130), right-angled at B. 
From B let fall upon ^Cthe perpendicular BDE, and 
the square ACSR is divided into the two rectangles 
ADER and DOES. 

Now the area of ADER is, hy § 242, AD X -^B. 
= AD X AC; and the area of the square ABjVM is, hy 
^ 243, AB^. 

But, by % 184, 

AD: AB = AB: AC; 
or multiplying extremes and means, 

AB'i=^AD X -AC; 
that is, the square ABJ^Mis equivalent to the rectangle 
ADER. 
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Ratio ortiie Squares of the Sides ofn Kiglit Trinngk. 

It may he shown in the same way, that the square 
BCPO is equivalent to the rectangle DCSE ; and, there- 
fore, the square ACSR ia equivalent to the sum of the 
squares ^BTTM and BGPO, or 

AC^=^AB^ -\-BC\ 

257. Corollary. The square of one of the legs of 
a right triangle is equivalent to the difference between 
the square of the hypothenuse and the square of the 
otlier leg ; or 

SBi = AC^ — BCK 

25a. Coroliarij. In the square (fig. 117), 

or the square described upon the diagonal of a square 
is twice as great as the square itself. 
Hence 

AB'^ : AB^ = 2:1; 
and, cxtraeting tlie square root, 

AB: AD = ^1: 1. 

259. Corollary. Since (tig. 130), 

JIB^^AD X AC, 

AC^:AB^^AC X AC : AB y: AC^AC-.AD; 
and, in the same way, 

AC^: BC^-==AC: BC ; 
or llie square of the hypothenuse of a right iriangle is to 
the square of one of its legs, as the hypothenuse is to 
the segment of the hypothenuse adjacent to this leg, made 
by the perpendicular from the vertex of the right angle. 

260. Corollary Since 

AB-^=^AD X -^C, 
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we have 

AB^ : BC^ = AD xAC: DC X •AC = AD: DC; 

or the squares described upon tlie two legs of a right 
triangle are to each other, as the adjacent segments of 
the hypotlienuse made by the perpendicular from the 
vertex of the right angle. 

261. Problem. To make a square equivalent to the 
sum of two given squares. 

Soluiion. Constmct a right angle C (fig. 131) ; lake 
CA equal to a side of one of the given squares ; take CB 
equal to a side of the other ; join JIB, aud AB is a aide 
of the square sought. 

Proof. For, by % 2SG, 

Ali^^JtC^-i-BC^. 

202. Problem. To make a square equal to the dif- 
ference of two given squares. 

Soluiion. Construct, by ^ 145, a right triangle, of 
which the hypothenuse BC (fig. 79) is equal to the side 
of the greater square, and the leg AB is equal to the side 
of the less square; and £.C is the side of tiie required 
square. 

Proof. For, by § 257, 

.AC^ = BC^—J1B^- 

26.^. Problem. To make a square equivalent to the 
sum of any number of given squares. 

Solution. Take £B (fig. 132) equal to the side of one 
of the given squares. Draw BC, perpendicular to AB, 
and equal to the side of the second given square. 

Join AC, aud draw CD, perpendicular to AC, and 
equal to the side of the third given square. 
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Join ^D, and draw DE, perpendicular to AD, and 
equal to the side of the fourth given square ; and so on. 
The lino which joins ^ to the extremity of the last aide is 
the side of the required square. 

Proof. For, by ^ 256, 

^E« = ^i>a + I>£^ = ^C3+ZJC3-l-CDa-|-ltEa; &c. 

264. Sckolmm. If either of the squares B(P, CD'', 
&c. were to have been subtracted instead of being added, 
the problem might still have been solved by means of 
^262. 

265- Probtevi. To make a square H'hicb is to a 
given square in a given raiio. 

Solution. Divide any line, as EG (fig. 133), by § 163, 
into two parts, at the point F, which are to each other in 
the given ratio of the given square to the required square. 

Upon jEG describe the semicircle EMG ; draw FM 
perpendicular to EG. 

Join ME and MG ; take, on ME produced if neces- 
sary, MH^^AB the side of the given square. 

Draw m parallel to EG, meeting MG in /, and MI is 
the side of the required square. 

Proof. Produce MF to P ; and, as the triangle HMl 
is, by § 109, right-angled at M, we have, by § 260, 

MH^:MP = UP: PI. 
But by ^ 181, 

HP: ri=EF: FG ; 
whence, on account of the common latio HP r PJ, 
Mm:MP = EF:FG. 
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2C6. Theorem. Similar triangles ai-e to each otlier 
as the squares of their homologous sides. 

Proof. In the similar triangles JIBC, JiB' C (fig. 109), 
we have, by § 199, 

CE: C'E'=^JiB: AB', 
which, multiplied by the proportion 

lAB: \A'B' = JiB: A'B', 

lABx CE-.iA'B'X C'E'=jiB^: d'B^, 
and, by ^ 251, 
the area of ABC : the area of A'B'C' = AB= : A'B'\ 

267. Corollary. Hence, by § 197 & 198, similar 
triangles are to each othei is the -^qiHiej of their homo- 
logous allitude:i, and it, the ^ijuares of then perimeters. 

268. Theorem Similar pol}eon3 aie to each other 
as the squares of then homologous sides, 

Proof. In the similar poh goiis JIBCB &.c., A'B'C'D' 
&c. (fig. 108), the tnangles ABC,JiB C , \vhiich are sim- 
ilar, by ^ 196, gno, by ^ 2b6, the propcition 
ABC: A'B'C'^AC^: A'C'^ ; 
also the similar triangles ACD, A'C'D', give the propor- 
tion 

ACD: A'C'D'^AC^: A'C'^; 
hence, on account of the common ratio AC^ : A'C^, 

ABC-.JUB'C^ACD: A'C'D'. 
In the same way may be obtained the continued propor- 

ABC: A'B'C'^ACD: A'C'jy^ADE: AIDE, &,c. 
Now the sum of the antecedents ABC, ACD, ADE, &-c. 
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is the polygon AB CD he. , and the sum of the consequents 
Ji'B'C, JHCD', ^'i)'E', &c. isthepoiygon^'B'C'D'&c; 
so that, by § 266, 
JiBCD h-o.: JiB'C'iy b.f:..=^ABC: A'B'C ^JiB^: A^B'^. 

2G9, Corollary. Similar polygons are, thevefoi'e; to 
each oilier, by § 197, as iho squares of iheir perim- 
eters. 

270. Corollary. As regular polygons of the same 
number of sides aie, by § 206, similar pol}gons, they 
aie 10 each other a^i the squares of their homologous 
sides, and, by § 232, as (he squares of the radii of 
their inscribed citcles, and also as the squaies of tho 
radii of their circumscribed circles. 

271. Theorem. Circles are lo each other as the 
squares of their radii. 

Proof. For, by ^ 20B, they are regular polygons of 
the same number of sides, and, as in ^ 234, the radii of 
their inscribed and circumscribed circles are their own 

272. Problem. Two similar polygons being given, 
to construct a similar polygon equivalent to their sum or 
to their difference. 

Solution. Let A and B be the homologous sides of the 
given polygons. Find, by ^ 26] , or by § 262. the line X 
such that the square constructed upon Xis equal to the 
sum or the diffcreiice of the squares constructed upon .S 
and B. The polygon similar to the given polygons, con- 
Btvucted, by § 194, upon the sido X homologous to A or 
B, is the required polygon. 

Proof. For, by ^ 263, tiie similar polygons construct- 
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ed upon A, B, and JY, have the same ratio to each other 
aa the squares upon M, 3, and X 

273. CoroUm-y. If ^ and B were llie radii of two 
given circles, X would, by § 271, be tbe radius of a 
circle equivalent to tlieii- sum or to their diflerence. 

274. Corollary. By tbe process of § 263, a poly- 
gon migbt be constructed equivalent to the sum of any 
number of given similar polygons, and similar to them, 
or a circle equivalent to the sum of any number of given 
circles ; or, if eitber of the given polygons or circles is 
to be added instead of being substracted, the resulting 
polygon or circle may be obtained, as in § 264. 

275. Problem. To construct a polygon similar to a 
given polygon, and having a given ratio to it. 

Sululion. Let .3 he a side of the given polygon. Find, 
by § 265, the side Xof a square which is to tiie square, 
constructed upon A, in the given ratio of the polygons. 
The polygon, constructed upon X, similar to the given 
polygon, is the required polygon. 

Proof. For, by § 268, the similar polygons construct- 
ed upon A and J57, have tbe same ratio to each other as 
the squares upon S and X. 

276. Corollary. In tbe same way, a circle may be 
constructed baving a given ratio to a given circle, by 
taking for tS and X tlie radii of the given and of the re- 
quired circles. 

277. Theorem. The area of any circumscribed poly- 
gon is half the product of its perimeter by the radius 
of the inscribed circle. 

Proof. From the centre O (lig. 134) cf the cu-cle draw 
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OA, OB, OC, &c. to tlie vertices of the circumscribed 
polygon MBVD, he. Draw the radii OM, O.Y, OP, &c. 
to the points of contact of the sides. 

If, now, the sides AB BC, CD, &c. are taken for the 
bases of the triangles OJIB, OBC, OCD, &.c. ; their al- 
titudes, being the radii OM, OJV, OP, &c., are all equal. 
The area of each of these triangles is, then, by^'JSI, 
half the product of its base JIB, BC, CD, kc. by the 
common altitude OM. 

The sum of the areas of the triangles, or the area of 
the polygon is, consequently, half the product of the sum 
of the sides, JIB, BC, Sic. by the common altitude OM ; 
that is, half the product of the perimeter ABCD &c. of 
the polygon by the radius OM. 

278. Corollary. Siuce a circle can, by § 329, be 
inscribed in any regular polygon, the area of tlie regular 
polygon is half the product of its perimeter hy the ra- 
dius of its inscribed circle. 

279. Theorem. The area of a circle is half the 
product of its circumference by ils radius. 

Proof. For a circle is, by ^.204, a regular polygon, 
and the radius of its inscribed circle is its own radius. 

280. CoroUai-y. If we use C, D, R, and n, as in 
^ 23T, and denote by A the area of a cii»cle, we have 

Ji^l. CX E=5. 2n XflX fi 

= ;r X R'=l'rX -O^ 

281. Corollary. When K — I, 
H"o have Jl = 7!. 

289. DefinUion. A sector is a part of a circle com- 
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I between an arc and the two radii drawn lo 
its extremities, as JlOB (fig, 135). 

283. Tlieorem. The area of a sector is half the 
product of its arc by its radius. 

Proof. Suppose the arc AB (fig. 135) of the sector 
AOB divided into the infinitely small area AM, MJT, JVP, 
&c. Draw the radii OM, OJV, OP, &.c. 

The sector AOB is divided into the infinitely small sec- 
tors AOM, MOJV, JVOP, &c. ; which may, by ^ 203, be 
considered as triangles, having for their bases AM, MJ^, 
JVP, &c., and for their altitudes the radii OA, OM, OJV, 

&.C. 

The sum of the areas of these ti-iangles, or the area 
of the sector is, then, half the product of the sum of the 
bases AM, jyjV, JVP, &c. hy the common altitude OA ; 
that is, half the product of the arc AB by the radius AO. 

284. Corollary. The area of the segment ABB is 
found by subtracting the area of the triangle JlOB from 
that of the sector AOB. 

285. Scholimn. la order that no doubt may exist with 
regard to the accuracy of the demonstrations of ^ 2B3, 
279, and 271, it is important to show that the iiifiniteiy 
small quantities, which are neglected in considering an 
infinitely small sector as a triangle with a. base equal to 
its arc and an altitude equal to its radius, come within 
the limitation of ^ 205. 

Now, the difference between the infinitely small sector 
AOB {fig. 113), and the triangle AOB, is the segment 
ADB. But the segment ABB is less than the rectangle 
AEE'B ; and, by § 242 and 251, the rectangle 
AEE'li : Iho ti'iiingle AOB=AB X CD : -^ AB X OC 
= CI). I DC 
^2 CD: OC; 
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and, therefore, as 2 CD is infinitely small in comparison 
with OC, the rectangle AEE'B and the segment ADB 
must be infinitely small in comparison witii the triangle 
AOB, and may be neglected by ^ i204 ; so that the sec- 
tor AOB is equLvaleat to the triangle AOB 

The base of the triangle AOB is the choi'd AB, or, by 
§ 203, the arc AB ; and its altitude OC differs from the 
radius OD by the infinitely small quantity CD, which 
may he neglected. 

The error arising from the neglect of these infinitely 
small quantifies is altogether insensible, and cannot be 
rendered sensible by any magnifying process to which the 
mind can submit it ; it is, then, no error at all. Indeed, 
if there be an error, suppose it to be represented by A. 
Since the aggregate of the qualities neglected is infinitely 
small, that is, as small as we choose ; we can choose it to 
be less than the error A ; a manifest absurdity, for the 
error cannot be greater than the aggregate of the quan- 
ties neglected, and yet we cannot escape this absurdity 
so long as we suppose the error A to be of any magnitude 
whatever. 

286. Defimiion Si mla wc^r' and similar seg- 
ments are such as conespond to « mdar arcs. 

237. The rem Similai ectors are to eacb other as 
the squares oi then ladii 

Proof. The siinilai sectois JlOB A'O'B' (fig. ISe) 
are, by the s^me leasonmg as in ^ 17 the same parts of 
their respective cirrles which the angle 0=0' is of four 
right angles and therefore they aio to each other as 
these circles oi by tj 271 as the squares of the radii 
AO, AC. 

288. Theorem. Similai' segments are lo each other 
as the squares of their radii. 
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To STid a Triangle e.|iiivalent to o given Poison. 

Proof. Let ^DB, A'D'B' (fig. 136) be the similar seg- 
ments. The triangles .3 OB and Jl'O'B' are similar, by 
^ 179; for 0=0'; and, since AO=-liO and Ji'& 
= B' 0-, we have 

JIO: A'O ^BO: BO'. 
Hence, by ^ 26S, 

the triangle ^Oif : the triangle ^'0'B' = yiO5 : A'O'^; 
also, hy the preceding article, 

the sector ^OB -.the sector ^'0'It' = ^03 ; ^'0'^. 
Heiice, by the theory of proportions, 
the sector ^OB — the triangle JlOB : the sector A'O'B' 

— tho triangle A'O'B' ^JiO'^ : Ji'O''^ ; 
that is, 
the segment >3DB : the segment A'D'B' ^^O^ : AO'^. 

289. Problem. To find a triangle equivalent to a 
given polygon. 

SohHo7i. Let .58Ci) &c. (fig. 137) be the given poly- 
gon. Join BD ; through C, draw CM parallel to BD. 
Join DM, and AMBE Ste. is a polygon equivalent to the 
given polygon, and having the number of ita sides lesa 
by one. 

In the same way, a polygon may be found equivalent 
to AMBE, and having the number of ita sides less by 
one ; and by continuing the process, the number of sides 
may be at Inst reduced to three, and a triangle is obtained 
equivalent to the given polygon. 

Proof, a. The number of sides of AMDE &c. is less 
by one than that of ABCD &e. ; for the two sides AM, 
MD are substituted for the three sides AB, BC, CD, the 
other sides remaining unchanged. 

b. The polygon AMDE &,c. is equivalent to ABCD 
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&c. ; for the part ABDE &c. is common to both, and the 
triangles DJBC, DBJtf are equivalent because they have 
the same base BD and the same altitude, by § 82, their 
vertices C and Jtf being in tiie line CJW parallel to this 

290. Prohlam. To find a square equivalent to a 
given parallelogram. 

Soluliott. Let B be the base and A the aUitude of the 
given parallelogram. Find, by § 188, a mean propoi'- 
tional X between, Jl and B, X'la the side of the square 
sought. 

Proof. For we have 

^■.X==X:B, 
and, therefore, 

J^ = .5 X B; 
or, by ^^ 242 and 243, the square constructed upon X'm 
equivalent to the given parallelogram. 

291. Corollary. A square may be found equivalent 
to a given triangle, by taking for its side a mean pro- 
portional between the base and half tlie altitude of the 
triangle. 

393. Corollary. A square may be found equivalent 
to a given circumscribed polygon, by taking for its side 
a mean proportional between the perimeter of the poly- 
gon and half the radius of the inscribed circle. 

293. Corollary. A square may be found equivalent 
to a given circle, by taking for its side a mean pro- 
portional between the radius and half the circumference 
of ibe circle. 

294. Corollary. In general the quadrature of any 
given polygon may be fonnd, that is, a square may be 
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found equivalent to any given polygon, by finding, by 
§ 289, tiie triangle which is equivalent to the polygon, 
and, by § 391, the square which is equivalent to this 
iiiaugle. 

205. Problem. To construct a polygon equivalent 
to a given circle or polygon, P, aod shnilar to a given 
polygon, Q. 

Solution. Find, by ^§ 293 or S94, M the side of a 
square equivalent to P, and JV the side of a square 
equivalent to Q. Let Ji be one of the sidts of Q. Find, 
by § 165, a fourth proportional X, to JV", M, A. Tbe 
polygon constructed by ^ 194, similar to Q upon X, 
homologous to ^, is the required polygon. 

Proof. Let Ybe the polygon constructed upon X, wc 
have only to prove that it is equivalent to P. 

Now we have K : M= A : X, 
whence JV'^ -.M^^A 'h X^ 

Also, by § 268, 

and leaving out the common ratio A^ : X^, 

But .^3 = Q and M-^ = P, 

whence Q :P=Q: Y, 

or r= P, 

296. Prohkm. To consiruct a circle equivalent to a 
given polygon. 

Sohlion. Find, by ^ 294, JJ/the side of a square equiv- 
alent to the given polygon. Find, by § 265, R the side 
of a square which is to Ihe given square in the rafio of 
the diameter of a circle to its cicciimftrcncc. R is the 
radius of the required circle. 
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Proof. Using n as in § 237, wc have, by coiislniclion, 
Mi : R^^„ 
whence ti R^ = M'^ r= the given polygon. 

Tliat is, by § 230, the circle of which R is the rndiiis is 
equal to the giiven polygon. 

297. Problem. To cotislruct a parallelogram, equiv- 
alent to a given square, and having the sum of its base 
and altitude equal to a given line. 

Solution. UpoQ the given line ^B (fig. 138) as a di- 
ameter describe a semicircle. At Jl, erect (he pei'pen- 
dicular £C equal to the side of the given square. Di'aw 
CD parallel to 4B, to meet the circumference at J). 
Draw OE perpendicular to ^B ; ^E and EB are the 
required base and altitude. 

r,-oof. For ^K 4- EB=^MB, and by § 290, 
JIE X SB = /»£= = .a C2. 

298. Problem. To construct a parallelogram, equiv- 
alent to a given square, aad having the difference of its 
base and altitude equal to a given line. 

Sokdwn. Upon the given line AB (fig. 139) as a di- 
ameter describe a circle. At Jl draw the tangent JiC 
equal to the side of the given square. Through the centre 
O of the circle, draw the secant COE. CD and CE are 
the i-equired base and altitude. 
Proof. For we have 

CE—CD = DE = JiB, 
and, by % 101, 

CE: AC = AC: CD, 
whence 

AC3^CE X CD. 
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Ralin of a CirciimliTfri™ t.-, its Diamelpr. 

299. Lemtna. If in a circle, whose radius is R, 
is tlie cliord of an arc and C tiie chord of half the arc ; 
C, C and R will always satisfy ihe equation 

Proof. Let ^B {fig. !40) be the chord C and let JJJt' 
be C ; OMA' is, by ^ 117, porpendiciilai' to AB, and the 
triangle OM^ gives 

Hence, by ^ 187, 

=- 2 Ea — K V(4 B= — C-^) 

300. Corollarij. Wlicn jR=l, 
liiis eqiialinii becomes 

301. Problem. To find ihe ratio of the circumfer- 
ence of a circle to its diameter. 

Solulion. Tina ratio has been denoted, in § 237, by n ; 
it does not admit of being expressed in numbers, and can 
only be obtained approximately. The principio of ap- 
proximation consists in supposing the circumference to be 
eqnal to the perimeter of some one of its inscribed poly- 
gons: and the error of this hypothesis is the less, the 
greater the number oF aides of the polygon. 

First Approximation. Let the radius JIO (fig. 140) of 
tbe circle be unity, and its circumference is, by ^238, 
2 71. If, now, the hexagon <3]ICD &.c. is inscribed in the 
circle, we have, by ^ 214, for its side. 
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and for its perimeter 

6 X -35 = 6 ; 
so that, by supposing this perimeter to be nqiiiil to Uie cir- 
cumference, we have for a first approximation 
2n = 6. or 51 = 3. 
Second .Apjiroxiinatlon. Bisect the arcs JtB, jBC &,c 
by the radii 0^', OB' &.C. Join Jl^', A'B &.(;., and wo 
have an inscribed polygon of 13 sides, and, by ^ 300, 



But 






whence AJi' = ^2 — ^3 =0-517 nearly. 

Hence the perimeter 

AA'BB'C Stc. = 12 X AA' == 6'204 nearly. 
And, if this is assumed for the circumference, we have, 
for the second approximation, 

7i = 3-102 nearly. 
Third Approximation. If now we consider AB as the 
side of the inscribed polygon of 12 sides, AA' is tiie side 
of the polygon of 24 sides, and we have for AB, 



^B3 = 2— v'3 = 0-267, 

AAi^2—^I'^^B^=^'2—^2 + v's^o-oea. 

AA' = 0-2G1. 
The perimeter ^^'Jf&c. =24 X ^^' = 6'26 ; 

and, by assuming this perimeter for the circumference, ive 
have 5r = 3'13 nearly. 

Further approximations might be obtained by supposing 
AB successively to be flic side of an inscribed polygon of 
24, 48, Etc. sides, and by carrying the calculation to a 
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greater number of dcciraals. But it is useless to extend 
this process any further, as much more expeditious meth- 
ods of calculating the value of n are obtained from the 
higher hrancheis of mathematics, by means of which it 
has been calculated to 140 places of decimals. 
For almost all practices purposes, the value of 
ji = 3'141G, 
is Eufliciently accurals. 



CHAPTER XIV. 

ISOPEKTMETEICAL FIGURES. 

303. Definitions. Those figures which have equal 
perimeters are called isoperimetrical figures. 

Among quantities of the same kind, that which is 
greatest is called amanniMm ; and lliat which is small- 
est a minimum. 

Thus the diameter of a circJe is a maximwn among all 
inscribed straight lines ; and a perpendicular is a mini- 
mum among all the straight linos diawn from a given 
point to a given straight line. 

303. Theorem. The maximum of isoperimelrlcal 
triangles of the same base is that irianglo in which the 
two undetermined sides are equal. 

Proof. Let the two triangles .iCB and JiDB (fig, !4I) 
have the same base JlB, and the same perimeter, that is. 
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Miiimum of Jaopefimetiical TriaHglcE of ibo aaiiiB BsEe. 

or, taking away JlJi, 

AC-^liC=JlD-\-H}), 
and suppose ^CB isosceles, or JC=CB. 

We are to prove that 

the triangle ^CB>tlie triangle JIDB. 
But, since these triangles have the same base AB, they 
are to each other as their altitudes CE and DF ; so that 
we need only prove 

CE-;>DF. 

Produce JIC to //, making CH=^CB = ^C. Join 
Bfl ; and if a semicircle is described upon Jiff as a di- 
ameter with the radius AC= CH.,\i will pass through 
the point B ; and ABH, being inseribed in it, must be a 
right angle. 

Produce Bff towards L, and take DL=^DB. Join 
AL, and we have 

JtD-\-DL = SD-\-DB^.QC-\-CB = JlC-\-CIi-=JlH. 
But .31) 4- Zti > JIL, 

or .5ff > JIL. 

Hence, by ^41, 

BSyBL, 
and ^BHy^BL, 

Now, letting fall the perpendiculars CI and DM upon 
BH and BL, we have 

^ Bff = B/= CE, 
^BL = BM=DF; 
whence CEyDF. 

304. Theorem. The maximum of isopevimetrical 
polygons of the same number of sides is equiJaleral. 

Proof. Let ABCD Sec. (fig. 142) be the maximum of 
i so peri metrical polygons of any given number of sides. 
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Join AC. The triangle MBC must be the 
of all the triangles which are formed upon ^C, and with 
a perimeter equal to tiiat of MBC. Otherwise a greater 
triangle AFC could he substituted for ABC, without 
changing the perimeter of the polygon, which would be 
inconsistent with the hypothesis that ASCD &,c. is the 
maximum polygon. 

Therefore, by the preceding article, 
AB^BC. 

In the same way it may be pi'oved, that 
JiC=CI} = I)E,&!.c. 

305. Theorem. Of all triangles, formed with two 
given sides malting any angle at pleasure with each oth- 
er, the maximum is that in vvhicii the two given sides 
make a right angle. 

Proof. Let ABC, ADC (fig. 143) be triangles, formed 
with the side AC common and the side AB = AD, acd 
suppose BAC to be a right angle. 

As these triangles have the same base AC, they arc to 
each other as their altitudes AB and BE. But 

AB = AD, 
and, by ^39, AD^DE; 

whence AB > DE, 

and the triangle ABCytho triangle ADC. 

30G. Theorem. Tlie maximum of polygons formed 
of sides, all given but one, can be inscribed in a semi- 
circle having the undetermined side for its diameter. 

Proof. Let ABCD &c. (fig. 144) be the masimum 
polygon formed of the given sides AB, BC, CD &,c. 

Draw from either vertex, as D, to the extremities A 
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and S of the side not given, the lines DJl, BS. The 
triangle ADS must be the maximum of ail triangles 
formed witli the allies A and S ; otherwise, either by in- 
creasing or else by diminishing the angle ADS, the tri- 
angle ADS would be enlarged, while the rest of the poly- 
gon ABCD, DEFSi-C. would be unolianged ; so that the 
polygon would be enlarged, which is inconsistent with the 
hypothesis that it is the maximum polygon. The angle 
ADS is, therefore, a right angle by the preceding article, 
and is inscribed in the semicircle which has AS for its 
diameter. 

307. Theorem. The maximum of ail polygons 
formed of givei^ sides can be inscribed in a circle. 

Proof. Let ^JBCD &e. (fig. 145) be a polygon which 
can be inscribed in a circle, and A'B'C'D" &c. one which 
cannot he inscrilied in it circle, hul equilaleral with re- 
spect to .dB CD kc. 

Draw the diameter AM. Join EM, MF. Upon E'F', 
equal to EF, construct the triangle E'M'F', equal to 
EMF, nudioin A' M: 

The polygon ABCDEM, which is inscribed in the 
semicircle having AM for its diameter is, by th<j pre- 
ceding article, greater than A'B'C'D'E'M' formed of the 
same sides but one, and which cannot be so inscribed. 
In the same way 

the polygon AMFG &.o. ~:>A'M'F'G' &c. 

Hence, the entire polygon ABCDEMFb.Q. y A'B'C'D' 

E'M'F &-C., and, subtracting the triangle EMF=E'M'P 

the polygon ^BCD &c. > A'B'C'D' &c. 

308. 7'heorcm. The maKimum of isoporimelrical 
polygons of the same number of sides is regular. 
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Proof. For, by ^ 304, it is equilateral ; and, by flio 
preceding article, it can be inscribed in a circle ; so that, 
by § 202, it is regular. 

309. Theorem. Of iso peri metrical regular polygons 
that is the greatest which has the greatest number of 
sides. 

Proof. Let ABCD &c., A'B'C'B' &c. (fig. 146) be 
two iaoperimetricft! regular polygons, of which ABCD 
£lc. has the greater number of sides. 

Denote the area of AliCl) &c. by S, and the radius 
on of its inscribed circle by R ; and denote the area of 
A'B'C'D' Slc. by 5', and the radius OH' oC its inscribed 
circle by R' ; also the common perimeter of the two poly- 
gons by P. 

Then wo have, by ^ 277, 

S: S'=^iP X R--^iP X R', 
or, striking out the common factor ^ P, 
S: S' = E ; E' ; 



S> S', 



e hiive only to pro' 



R >B'. 

Upon A'E', as a side, describe a polygon A'B'C'B" &c. 
similar to JIBCD &c. ; denote ils perimeter by P'', and 
the radius 0"M' of its inscribed circle by R". 

Join A'O' and A'O" ; describe the arc JU'JVwilh the 
radius R', and the arc M'J^ with the radius E". 

The half side A'M' is, evidently, the same part of the 
perimeter P, which the arc Jl^'JVis of its circumference, 
which circumference is, by ^ 237, equal to 2 n X R' ; 
(hat is, 

JiM' : P = M-JV : 2 ,t X R', 



HnslcdhyGoOgIC 



CH. XIV. § GOD.] ISOPERIMETRICAL FIGUF.ES. S5 

GrtnLesioflEcperimeiiiqiil P.R-Lila. F<j1j-i!ihis. 

and in the same way, 

the product of these two proportions is, by strilting out the 
factora common to the terms of each ratio, 

P" : P = 11" X MJ^ : H X M'J^'. 
But, by ^ 233, 

P": P = R" : R, 
and, on account of the common ratio P' : P, 

R": R = R" X M'JY : R' X MJV", 
whicii, multiplied by the identical proportion 

R' : R" = R' : B", 
gives, by striking out the common factors, 

R': E = Jtf'JV: M'JY', 
BO that wo need only prove 

Mjv > jv/'^■, 

in order to prove 

Ry R'. 

Now, the angle Jl'O'M' is oljtaincd by dividing 360° by 
twice the number of sides of the polygon AB'OD', &c., 
and the angle A'0"M' b obtained by dividing 360° by 
twice the number of aides of the polygon A'B'C"D" 6i.c., 
but the second number of sides was supposed to be great- 
er than the first, and, therefore, 

the angle A'0"M' < the angle A'O'M ; 
and, therefore, as the angle 0"Ji'M' is, by § 69, the re- 
mainder after subtracting the angle A'O'M' from 90°, it 
is greater than the angle O'AM' which remains after sub- 
tracting >a' O'M from 90° ; and 0"^M' includes O'A'M ; 
so that the radius MO"\s greater than M0\ and the cir- 
cle described with Jtf'O" as n radius includes the circle 
described with M'O' as a radius. 
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Join JVliV' ; and upon the middle of JVVV^ erect a perpen- 
dicular meeting the tangent JVT to the arc JVJU' at T, 
whi;ch it will do, for the angle TJVJV, being leas than the 
right angle TJVL, is acute. 

Join.'Vr, and, by % 42, 

But since the concave broken line T.VM is incluaod 
by TN'M', we have 

T.Y* -|- JVJW > TJV+ J^M', 
whence, omitting TJV equal to TJV, 
JVM > JVM', 
and, therefore. It > R', 

and S > S'. 

310. Corollary. As the circle is a polygon of an 
infinite number of sides, that is, of a greater miraber 
of sides Ilian any other regular polygon, it is greater 
than any polygon of a finite number of sides which 
has a perimeter equal lo the circumference of the circle. 
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CHAPTER XV. 

PLA^^ES AND SOLID ANGLES. 

311. Theorem. Three points not in the same straight 
line determine the position of the plane in which tliey 
are situated. 

Proof. For if any plane, passing through two of the 
points, is swung around the line joining these two points, 
until it comes to a position in which it passes thmugh the 
third point, it must remain in this position. For swinging 
it any further must remove it from this third point. 

312. Corollary. Only one plane can be drawn 
through ihi'ee points not in the same straight line. 

313. Theorem. The common intersection of two 
planesj which cot each other, is a straight tine. 

Proof. For, if any two of the points common to the 
two planes be joined by a straight line, this straight line 
must, by § 14, be in both of the planes ; and no point out 
of this straight line can, by ^ 312, Le in the two difTcrent 
planes at the same time. 

314. When two planes cut each other, they form 
an angle, Ihe magnitude of which does not depend 
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upon ihc extent, but merely upon the position of the 
planes. 

315. Theorem. The angle of mo planes, which cut 
each other, is measured bj the aii^le of two lines drawn 
perpendicular to the common mtei section of the two 
planes, at the same point, one m one of (lie planes, and 
one in the other. 

Proof. In order to show the legitimacy of this measure 
we have only to prove that the angle of the two lines is 
proportional to the angle of the two planes. 

Let ^B {fig. 147) be the common intersection of the 
two planes ; and let AC and .30 he the two lines drawn 
in these planes perpendicular to the common intersection 

.as. 

Let a third plane be drawn having also the common in- 
tersection ^B wifh the two given planes, and let .3E be 
drawn in this plane perpendicular to ^B. We are to 
prove that the angle of the planes DAB and CAB is to 
that of the two planes S^B and CAB as DAC is to EAC. 

For this purpose, suppose the angles of the planes to 
be to each other as any two whole numbers, and let the 
angle of the two planes CAB and a AB be tbeir common 
divisor, A a being perpendicular to AB. The angle CAa 
must he a common divisor of the two angles CAE and 
CAD ; and it is shown by precisely the reasoning so 
often adopted, that the angles of the planes are to each 
other as CAD to CAE. 

316. Corollary. When the angle CMD is a right 
angle, the planes are perpendicular to each otiier. 

317. Definitions. A straight line is perpendicular 
to a plane, when it is perpendicular to eveiy straight 
line drawn thi'ongh its foot In the plane. 
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Reciprocally, llie plants, in this case, is porpcudicu- 
iav to the line. 

The foot of the perpendicular is the point in which 
it meets the plane. 

318. Theorem. When a straight lino is perpen- 
dicular to two straight lines drawn through its foot in 
a plane, it is perpendicular to every other straight line 
drawn through its foot in the plane, and, consequently, 
is perpendicular to the plane. 

Proof. Let CAC, BAD" (fig. 143) le the two lines 
to which JiB is perpendicular, and let EAE' be any other 
line drawn in the plane, we are to prove that BA. is per- 
pendicular to EAE'. 

Take ^C equal to AC, and AD equal to ^B', join DC 
DC. 

Turn D'AC'E' around upon the point A, keeping AD' 
and AC perpendicular to AB until AD falls upon AD, and 
then AC will fall upon AC, because the angle D'A'C is 
equal to DAC, DC will fall upon DC, E' upon E, and 
jW upon AE. Therefore, the angle BAE' is equal to 
the angle BAE, and each is, by ^ 20, a right angle. 

319. Corollary. The perpendicular BA is less than 
any oblique line BE, and measures the distance of the 
point B, from the plane. 

330. Theorem. Oblique lines drawn from a point 
to a plane at equal distances from the perpendicular are 
equal ; and of two oblique lines unequally distant the 
more remote is the greater. 

Proof, a. The oblique lines BC, BD, BE &c, (fig, 
149) at the equal distances AC, AD, AE &.c. from the 
perpendicular BA are equal ; for the triangles BAC, 
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JiJlD, BJIE, &.C. are equal, by § 51, since the angles 
BJiC, BJID, BAE, &c. are equnl, being right angles, the 
sides JIC, AT), AE &.c. are equal, and the side BA is 



fc. Since the oblique line BC' is drawn to the line AC 
at a distance AC' greater than AC from the perpendicular 
BA, it is, by ^ 41, greater than BC or its equal BD or 
BE. 

321. Corollanj. All the equal oblique lines BC, BD, 
BE fee. terminate in the circumference CUE, drawn with 
.,3 as a centre, and a radius equal to AC. 

323. Theorem. If a line is perpendicular to a plane, 
every line which is parallel to this perpendicular, is like- 
wise perpendicular to the plane. 

Proof. Let AB (fig. 150) be the perpendicular to the 
plane, and let CD be parallel to JtB, CD is likewise per- 
pendicular to the plane, that is, to every straight line, as 
DE, drawn Ihrough its foot in that plane. For, if BH 
be drawn Ihrough the foot of AB, parallel to DE, the an- 
gle ABH is, by ^ 317, a right angle ; but, by § 29, the 
angle CDE is equal to ABH, and is, also, a right angle. 

323. Corollary. Hence straight lines, which are 
perpendicular to the same plane are parallel. 

324. Theorem. If two planes are perpendicular to 
each other, the line, which is drawn in one of the planes 
perpendicular to their coramon intersection, must be 
perpendicular to the other plane. 

Proof. Let the plane MJV (fig. 15!) be perpendicular 
to the plane PQ; and let ABhe perpendicular to tho 
common intersection AP, we are to prove that AB is per- 
pendicular to MJV, 

Draw, in the plane JtfJV, AC perpendicular to AP, BAG 
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must, by § S!6, be a right angle. As AB is, therefore, 
perpendicular to both AC and JiP, it is, by ^ 318, per- 
peniHicular to the plane JUJV. 

325. Corollary. If two planes are perpendicular to 
each oiher, the straight line, drawn through any point 
of ilie common intersection perpendicular to one of the 
planes, must be in the other plane. 

325. Theorem. If two planes are perpendicular to 
a third plane, their common intersection is also perpen- 
dicular to this third plane. 

Proof. For, by the preceding article, the straight line 
AB (fig. 152) drawn through the common point A of the 
three planes, perpendicular to the third plane MJV, must 
be in both of the planes AP and AQ, and must, therefore, 
bo their common intersection. 



327. Theorem. Two parallel lines are always in the 
same plane. 

Pronf. Draw a plane ^jV(fig. 163) perpendicular to 
one of the parallels AJi, it must also, by % 322, be per- 
pendicular to the other parallel CB ; and if a plane is 
drawn through the two points A and C, perpendicular to 
MJf, AB and CD must both, by ^ 325, be in this plane. 

32S. Definitions. Jl straigld line and a plane are 
parallel when all the points of ihn straight line are 
equally distant from ihe plane. 

Ttoo planes are parallel, when all the points of one 
of the planes are equally distant from the other plane. 

329. Theorem. A straight line and a plane are par- 
allel, when they are perpendicular to the same straight 
line. 
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PvMf. Let the straight line BC (fig. 154) and the 
plane MK be perpendicular to the same straight line AB ; 
we are, by ^ 319^ and 323, to prove that the perpendicu- 
lar UC let fall from any point C of the line BC upon JMJV 
is equal to AB. 

Join AB ; AB and CD are parallel, by § 323, also ^U 
is, by ^ 317, perpendicular to AB, and being in the plane 
of the parallels AB, CD, must, by § 35, be parallel to 
BC ; so that ABCD is a parallelogram, and its opposite 
sides AB and CD are equal, by ^ 78. 

330. Theorem. If two planes are perpendicular to 
llie same straight line, they are parallel. 

Proof. Let the planes MJT, PQ (fig. 155) be perpen- 
dicular to the hne AB ; we are, by ^ 323, to prove that 
the line CD, drawn from any point of PQ perpendicu- 
larly to MX, is equal to AB. 

Join BC, and, as BC is, by § 317, perpendicular to 
AB, it is, by ^ 329, parallel to JMJV; and, therefore, CD 
is equal to AB. 

331. Theorem. If a straight line is perpendicular 
to one of two parallel planes, it must also bo perpen- 
dicular to the other. 

Proof. Thus, if AB (fig. 165) is perpendicular to the 
plane JWJV, it must also be perpendicular to the plane PQ, 
whicli is parallel to itfJV. 

For the plane drawn through B, perpendiicular to AB, 
must be parallel to JtfJV, and must therefore coincide with 
the plane PQ. 

332. Theorem. If two planes are parallel to a third, 
they are parallel to each other. 

Proof. For any line perpendicular to the third plane 
must, by the preceding article, be perpendicular to both 
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the othfir planes ; so (hat these other planes, heing per- 
pendicular to the same straight line, are parallel, by 
^330. 

333. Theorem. Tvto parallel lines, comprehended 
between iwo parallel planes, are etinal. 

Proof. Let the two parallel lines MB, CD (fig. 156) 
be included between the two parallel planes JtfJV, FQ. 

If the parallel lines are perpendicular to (he parallel 
jAanes, they are equal, by ^ 323. 

Otherwise, di'aw from the points A and C the lines AE, 
CF, perpendicular to JVIJV; aadjoiaSiJ, DF. 

The triangles ABE, CDF are equal, by ^ 53 ; for the 
sides AE and CFare equal, by ^ 32B ; the right angles 
AEB and CFD are equal ; and the angles BAK and 
DCF are equal, by ^ 29, because they have their sides 
parallel ; hence Ail is equal to CD. 

334. Theorem. The intersections of two parallel 
planes by a tliird pkoe are parallel lines. 

Proof. Let the intersections of the plane AD (fig 
156) with the parallel planes MJ^, PQ be AC and BD. 
Through A and C, in the plane AD, draw the parallel 
lines AB, CD ; these parallels are equal by the preceding 
article, and, therefore, by ^ 81, ABCD is a paraileio- 
gram, and AC is parallel to BD. 

335. Theorem. If a straight line is parallel to another 
straight line drawn in a plane, if is parallel lo the plane. 

Proof Let AC (fig. 156) be parallel to the line BD 
in the plane JIfJV. 

Through any point A of the line AC, let a plane PQ 
be drawn parallel to MK. The intei'sectioa of PQ with 
the plane ABCD is, by the preceding article, parallel to 
BD ; and, as it also passes through the point A, it must 
coincide with AC. 
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Now, since ^C ig in the plane PQ parallel to JWJV, all 
its points must, by ^ 323, be equally distant ftoin JtfJV, 
and it is therefore parallel to MJ^. 

336. Theorem. Two straigln lines, compreliencJed 
between three parallel planes, are divided imo parts that 
are proportional to each oilier. 

Proof. Let the hue ^'O (fig. !57) meet tho three paral- 
lel planes MJY, PQ, RS at the points «3, B, C ; and let 
the line DF meet the same planes at Z>, E, F. 

Join ^J*' cutting the plane PQ at H ; join AD, BH, 
BE, CF. The intersections 5/i and Cf of the parallel 
planes PQ and JJ.Swith the plane ACF, are parallel, and 
give, hy ^ 160, the proportion 

^B: BC^AH: IIF. 

In hka maniiei,fhe intersections HE and JD of the 
parallel planes PQ and JUJY with llie piaiie FAD are 
parallel, and gne the proportion 

AB:HF^DB:EF. 
Hence, on account of the common ratio JIM: BF, 

AB: BC^DE-.EF. 
that is, the lines AB and BF are divided proportionally at 
B and K 

337. Definitions. When three or a greater number 
of planes meet at a point, a solid angle is formed ; as 
S (fig. 15S) formed by the planes ASB, BSC, CSD, 
DSA. 

The point of meeting, S, of the planes, is called the 
vertex of the angle. 

338. Theorem. If a solid angle is formed hy three 
plane angles, the sura of either two of these angles is 
greater than the third. 
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Proof. Let S (fig. 159) be a solid angle formed by thfi 
tliree plane angles JtSB, BSC, and ASC, and let ASC, 
be the greatest of these plane angles. We need only 
prove that ^SC < «iS£ -f BSC. 

Draw SO, making the angle CSD ef[ua] fo CSB. 
Draw any line .BC. Take SB equal to SO ; join BC and 
BA. The triangles SCB and SCO are equal, by ^ 51, 
and C/>=CB. But, by i^ 13, 

AC-CJiBJ^BC. 
and, subtracting DG^BC, 
we have AD < AB. 

Now in the two triangles JISD and JISB, the side SD 
is equal to SB, and JiS is common ; but the third side AD 
< AB, aad therefore, by § 63, 

ASD < .^SB, 
and. adJing CSD = CSB 

ASC<:iASB-{- CSB. 

339. T/icorem. The sura of the plane anglras, which 
form a solid angle, is always less than four right angles. 

Proof. Draw a plane (tig. 160) cutting the solid angle 
S ill ABODE St.c. From any point O within ABCJ} &,c. 
draw AO, BO, CO, DO, &c. 

The number of the tnangles AOB, BOG, COD, &c. is 
tho same as that of the triangles ASB, BSC, CSB, kc. ; 
and therefore the sum of the angles of AOB, BOG, he. 
is the same as that of .^SB, BSC &.c. 

But, of the solid angle B, the sum of the angles ABS, 
SBC is, by the preceding article, grea er than the angle 
ABG, which is the sum of ^BO, OBC, that is, 

^BS + SBC>^BO+ OBC; 
and, in the same way, 

BC8-\- SGD^ BCO-\- OCB, 
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CDS + SDE > CDO + ODE, &c. 

Hence JBS-f SBC-\-BCS-{- SOU + &c., or the sum 
of the angleat the bases of the triangles, which have their 
vertices at S. is greater than ^BO + OSC -\- BCO + 
OfZ) -J-&.C ,.orthe sum of the angles at the bases of the 
tiianglea which have their vertices nt O. 

If, then these two sums of the angles at the bases of 
the tiianglea are subtracted from the common sum of all 
the aaglea of each set of triangles, the remaining sum of 
the angles which have their vertices at S must be less 
than the sum of the angles which have their vertices at 0, 
or, hy § 26, than four right angles. 

340. Theorem. If two solid angles are respectively 
contained by three plane angles which are equal, each 
to each, the pUiiies of any two of these angles in the 
one iiave ihe same inclination to each othei- as the planes 
of the homoiogotis angles in the other. 

Proof. Let the solid angles S, S' (fig. 161) be included 
by the plane angles £SB = A'S'1I', ASC^A'S'C, 
BSC = B'SC. 

Take S.^ = S'A' of any length at pieasure. Draw AB, 
MC, perpendicular to SA, in the planes .SSB and ASC; 
and draw ^'5', A' C , perpendicular to S'A' m the planes 
^'S'B' and va'S'C. 

Ib the triangles ASB, A'S'B , the side AS = A.'S-, the 
angle ^SiJ = ^'S'ff ; and the right angle SAB = S'A'B' ; 
hence, by ^ 54, AB = A'B' and SB = SB'. 

In the same way, it maybe shown that AC^^A'C, 
SC^ S-C'. 

Join BC, B'O, and, in the triangles SBC, S'B'C, the 
angle BSC = ii'S'C", the side SB^S'B', and the side 
SG^S'C; hence, by §.^2, SG^B'C'. 

In the triangles AB C, ABC the three sides are respec- 
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(ively equal, and, therefore, by § 6!, the angle B^C, 
which, by ^ 315, meaatires (hat of the planes ^SB, JlSC 
is equal to B'A'C, which measures the angle of the planes 
A'S'B', A'S'C. 

In the same way, it may be shown that the angles of (he 
otiier planes are equal ; some changes, easily made, are, 
however, required in the demonstration when either of 
the angles ASB, JISC is obtuse. 



CHAPTER XVI. 

SURFACE AND SOLIDITY OF SOLIDS. 

341. Befnilions. Equivalent solids are those which 
\mve the same bulk or magnitude. 

A lamina or slice is a ibin povlion of a solid included 
between two parallel planes., 

342. Theorem. If two solids have equal bases and 
heights, and if iheir sections, made by any plane paral- 
lel to the common plane of their bases, are equal, tiioy 



Proof. Let ABCBEF, A'B'C'D'E'F (fig, 162) he the 
two solids. \ieXMNO, M'JV^O' be two equal sections made 
by a plane parallel to the base, and let PQR, P'Q'R' be 
two other equal sections made by a plane infinitely near 
the former plane, and parallel to it. 

The infinitely thin lamin* MJVOPQIt, M'J^O'P'Q'R' 
are equal ; for if M'J^O' be applied to its equal MJVO, 
P' Q'R' must be infinitely near coincidence with Its equal 
PQR ; and the lamina; themselves can differ from coinci- 
dence only by a quantity infinitely smaller than either of 
them, and which may, by ^ 99 and 205, be neglected. 
9* 
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lOS SOLID OEOMETRr. [CH. XVI. § 346. 

Poljedroii, Prism, 

But by drawJQg a series of parallel planes, infinitely 
near each other, the given solids are divided into laminie, 
which are respectively equal to each other; and, there- 
fore, theii- sums or the entire soHds must be equivalent. 

343. Definitions. Every solid bounded hy planes is 
called s. polyedron. 

The bounding pianos are called the /aces ; whereas 
the sides or edges are the lines of inlerseclion of the 
faces. 

344. Definitions. A polyedion of four faces is a 
tetraedron, one of six is a hexaedron, one of eight is an 
octaedron, one of twelve a dodecaedron, one of twenty 
aa icosaedron, &c. 

The tetraedron is the most simple of polyedrons ; 
for it requires at least three planes to form a solid angle, 
and these three planes leave an opening, which is to be 
closed by a fourth plane. 

345. Definitions. A prism is a sohd coraprehended 
under several parallelograms, terminated by two equal 
and parallel polygons, as ABC &c. FGII &c. (6g. 
163). 

The bases of the prism are the equal and uarallcl 
polygons, as ABC &c., and FGTI kc. 

The conv.x surface of the pnsni is the sum of its 
parallelograms, as ABFG + BCGH-{- Sic. 

The altitude of a prism is the distance between its 
bases, as PQ. 

346. Definitions. A right prism is one whose lat- 
eral faces or parallelograms are perpendicular to the 
bases, as ABC &c. PGH Sic. (fig. 164). 

In this case each of the sides AF, BG &c. is equal 
to the altitude. 
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347- Definitions. A prism is triangular, quadran- 
gular, pentagonal, hexagonal, &c., according as ils 
base is a triangle, a quadriJaleral, a pentagon, a hexa- 
gon, &c. 

343. Definitions. The pi-ism, whose bases are regu- 
lar polygons of an infinite number of sides, that is, cir- 
cles, is cdled a cylinder (fig. 165). 

The line OP, which joins the centres of its bases, is 
called the «^ of the cylinder. 

In the right cylinder (fig, 166) the axis is perpen- 
dicular to the bases, and equal to the aUiiude. 

349. Corollary. Tlie right cylinder (fig. 166) maybe 
considered as generated by the revolution of the right 
parallelogram OABP about the axis OP. 

The sides 0.^ and PB generate, in this case, the bases 
of the cylinder, and the side SB generates its convex sur- 
face. 

350. Definitions. A prism whose base is a parallel- 
ogram (fig. 167) has all ils faces parallelograms, and is 
called a. parallelopiped. 

When all the faces of a parallelopiped are rectangles, 
it is called a right parallelopiped. 

351. Definitions. The cube is a right parallelopiped, 
comprehended under six equal squares. 

The cube, each of whose faces is the unit of surface, 
is assumed as the unii of solidity. 

352. Definition. The volume, solidity, or solid con- 
tents of a solid, is the measure of its hulk, or is its ratio 
to the unit of solidiiy- 

353. Theorem. The area of the convex surface of 
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a right prism or cylinder is the perimeter or circum- 
ference of its base multiplied by its altitiide- 

Proof. a. The area of each of the parallclogramg 
^BFG, BCGH, &c., which compose the convos surface 
of the light prism (fig. 164) is, by § 247, the product of 
its base AB, BC &.c., by tlie common altitude ^F ; end 
the sum of their areas, or the convex surface of the prism, 
is the sum of these bases, or the perimeter ^BCD &c., 
by the altitude JIF. 

b. This demonstration is extended to the right cylinder 
by increasing the number of sides to infinity. 

354. Theorem. The section of a prism or cylinder 
made by a plane parallel lo iho bases iii equal to ciiher 
base. 

Proof, a. Let LAWO, &.C. (fig. 163) be a section of 
the prism made by a plane parallel to the bases. It fol- 
lows, from § 334, that LM is parallel to AB, MJVto BC. 
&c. ; and, consequently, the angle LMX is equal to ^BC, 
by ^ 29, the angle JS'MO to BCD, &.c. Moreover, in 
the parallelograms ABLM, BCMK &c., AB is equal to 
LM, BC to MJ^, &.C., and the polygons JIBCD &c., LM 
JVO, &.C. are equiangular and equilateral with respect to 
each other, and are, therefore equal, by ^ 195. 

b. The demonstration is extended to the cylinder by in- 
creasing the numher of sides to infinity. 

355. Corollary. Hence, from § 342, two prisms 
or cyhnders of equal bases and altitudes are equiva- 
lent. 

35G. Corollary. Any prism or cylinder is equivalent 
lo a right prism or cylinder of the same base iiiid iilli- 
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357. Theorem.' Two rij pa ill lop ped a e to 
each olher as the products of le bases b} le al- 
titudes. 

Proof. Let the two right parallelopipecls bo JIBCD 
EFGH, AKLMKOPQ (fig. 163), which we will denote 
hy AG and AP. 

Then, if the sides of the rectangles ABCD and AKLM 
are commensurable, the rectangles can, by ^ 241, be di- 
vided into equal rectangles ; and, if, througii each of the 
vertices of these small rectangles, perpendieuiars are 
erected to the plane AL, the paraUelopipeds AG and AP 
are divided into smaller I'ight parallelopipeda. AH the 
parailelopipeds of AG aro equivalent, by ^ 355, as well 
as all those of AF ; and the number of pavallolopipeda in 
AG is equal to the number of rectangles in ABCD; and 
the number of parailelopipeds in AP is equal to the num- 
ber of rectangles m AKLM. 

If now the altitudes AE and ^JV are commensurate, 
^„Vcan be divided into equal parts, of which AE contains 
a certain number ; and, if, through the points of division 
of -SJV, planes are drawn parallel to the base AL, eac!i 
of the partial parailelopipeds of AG and AP are divided 
into smaller equal parailelopipeds, and all these smallest 
parailelopipeds are equal to each other. 

Now, the whole number of the smallest parallelopipeda 
contained in AG is the product of tlie number of rectan- 
gles in ifa base ABCD by the number of divisions of its 
altitude AE, and the number contained in AP is the pro- 
duct of the number of rectangles in its base AKLM by 
the number of divisions in its altitude AJ^. Hence 
AG : AP-^ABCD x AE : AKLM X AJV. 

This demonstration is readily extended to the case 
where the sides are incommensurate, by dividing the 
solids into iiifmitcly small parailelopipeds, 
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358. Corollary. The solidity of any right parailelo- 
piped or its ratio to (he unit of solidity is, by § 352, the 
product of its base by its altitude, that is, 

J1G = J1BCD X AE. 

359. Corollai-y. Since, by ^ 242, 

J1BCD = JIB X AD, 

AG=^J1B X AB X ^E; 
or ihe solidily of a right parallelopided is the product of 
its three dimensions. 

300. Corollary. The solidity of a cube is the cuhe 
f 1 

3 C I ry '^ 1 § 5G, any parallelo- 

[ p ! f a g ! b 1 vident lo a right 

] 11 ] ] I I I 1 b 1 Ititade, the solidity 

i p 11 I i [ d f 1 base is the pro- 

1 f b hj Id 

Tl II Id f any parallelepiped 

js the pioduct of its base bj its jlniiide. 

Proof. Any parallelopiped which has £BCD (fig, 169) 
for its base is, by § 356, equivalent to the parallelepiped 
AG, which has the same base, and its sides ^H, BE, CG, 
DF, perpendicular to the base ABCB. 

But any other face may as well be assumed fop tho base 
of AG as JiBCO ; taking, then, the rectangle ^BE^for 
the base, the parallelepiped AG is, by § 361, equal to 
Ihe right parallelopiped of the same base and altitude, 
that is, by drawino 7)/f perpendicular to AB, 

AG = DKx ABE[l--=DKx ^B x AH. 
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Solidity ofllie Ftiam and Cjliiider. 

But, ^BCD = DK X AB ; 

Iicuci! AG = JIBCD X -AH. 

363. Corollary. Any two parallelepipeds of ei|iiiva- 
lent bases and the same altitude are equivalent. 

364. Corollary. Parallelopipeds of the same base 
are to each other as iheir alliaides, and parallelopipeds 
of the same altitude are to each other as their bases. 

365. Theorem. The solidity of a triangular prism 
is the product of its base by its altitiide. 

Proof. Let ABC DBF (fig. HO) be a triangular 
prism. 

Draw JSe parallel ia AC, CG parallel to JiB, Gfl" par- 
allel to AD, meeting the plane EBF in //. Join EH, 
FH; AHis, evidently, a parallelepiped ; and BCG EFU 
is a triangular prism. 

The triangular prisms ABC DEF and BCG EFH 
are equivalent, by ^ 355 ; since their altitude is the same 
and their bases ABC and BCG are equal, by § 77. 
Hence each of the prisms is half of the parallelopiped 
AB, and hag half its measure, or the product of ^ ABCG 
by the altitude, that is, the product of its own base by its 
altitude. 

366. Tlieorem. The solidity of any prism or cylin- 
der whatever is the product of its base by its altitude. 

Proof, a. The prism ABC ha. FGH &-c. (fig. 163) 
maybe divided into the triangular prisms ABC FGH, 
ACD FBI &,c. by the planes ACFH, ADFl &.c., and, by 
the preceding section, the solidify of each of these trian- 
gular prisms is the product of its base .SBC, ACD, &c.. 
by tlie altitude PQ. Hence, the sum of (hese prisms or 
the entire prism is the product of the sum of the bases 
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by PQ, or of the entire base ABCD &.c. by llic altitude 

PQ. 

b. This demonstration is extended to cylinders by in- 
creasing the number of sides to infinity. 

357. Corollary. Prisms or cylinders of eriuivalent 
bases and equal altitudes are equivalent. 

368, Corollary. Prisms or cylinders of equivalent 
bases are to each other as their altitudes ; and those of 
the same altitude are to each other as their bases. 

369, Corollary. Denoting by jR the radius, and by A 
the area of the base of a cylinder ; and using n as in 
^ 237, we have, by § 280, 

^=„ X R^. 
Denoting, also, by // tho altitude, V the solidity of the 
cylinder, we have, by ^ 366, 

V^AxH=ny.. mx H. 

370, Dejinitions. A pyramid is a solid fortned by 
several triangular planes proceeding from the same pomt, 
and terminating in the sides of a polygon, as SABCD 
&c. (fig. 171). 

The point S is ihe vertex of the pyramid. 

The polygon JIBCJJ &c, is the base of the pyra- 

The convex surface of the pyramid is ihe sura of the 
triangles S^B + S^C, &c. 

The altitude of the pyramid is the distance of its ver- 
tex from its base. 

371, Definitions. A pyramid is triangular, quad- 
rangular, &.C., when the base is a triangle, a quad- 
rilateral, &c. 
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372. Definitions. A pyramid is regular^ when tlie 
base is a regular polygon, and the perpendicular let fall 
from the vertex upon the base, passes through the centre 
of the base {fig. 172). 

This perpendicular from the veites is called tlie axis 
of the pyramid. 

373. Definitions. When the base of a pyramid is a 
regular polygon of an infinite number of sides, that is, 
a circle, it is called a cone (fig. 173). 

The axis of the cone is the lino drawn from the 
vertex to the centre of tlie base. 

A right cone is one the axis of which is perpendicu- 
lar to the baso (fig. 174). 

374. Corollary. The right cone (fig. 174) may be con- 
sidered as generated by the revolution of the right triangle 
SO.A about the axis SO. 

Tho leg O^, in this case, generates the base, and the 
hypothenuse SA, which is called the side of the cone, 
generates the conve:e surface. 

375. Theorem. The area of the convex surface of 
the regular pyramid is half the product of the perimeter 
of the base by the altitude of one of the triangles. 

Proof The triangles SAB, SBC, &c. (fig. 172) are all 
equal, for, by §201, 

An = nc==cD, &.C, ; 

and, since tho oblique lines AS, SB, SC, &c., are all at 
equal distances 0.S, OB, OC, &.C., from the perpendicu- 
lar SO, they are equal by § 320. Hence the altitudes 
SH, SI, SK, &.C. of these triangles are equal ; and the 
sum 0? the areas of the triangles is half fbe product of 
the sum of their bases AB, BC, CD, he. by the c 
10 
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allitudc SH; (hat is, the coavex surface of the pyramid 
is half the product of the perimeter of its base by the al- 
titude of one of its triangles. 

376. Coi-ollary. When the base of the regular pyra- 
mid is a polygon of an infinite number of sides, the pyra- 
mid is a right coae, and the altitude of each triangle 
becomes the side SA (fig, 174) of the cone. 

Hence the area of the convex surface of the right 
cone is half the product of the circumference of the base 
by the side. 

377. Thmrein. The secllon of a pyramid made by 
a plane parallel to the base Is a polygon similar lo ibe 
base. 

Pruof. Let MJVOP he, (fig. ni) be tlio section of a 
pyramid made by a piaae parallel to its base JIBCD kc. 
Since MJY is, by § 334, parallel to ^B, we have 
SB: Sjy=AB:MJY, 
and since JVO is pnrallel to BC, wc have 
SB: Sff-^nC : JVO ; 
and, on account of the common ratio, SB : SJV, 
AB:MJV=BC:JVO. 
In the same way we might prove 

AB : JKJV=- BC:J\'0=CD: OP, &.<:. 
whence the sides of the polygons ABOD &c., JMJVOP 
&.C. are proportional. 

The angles of the polygons are also equal ; indeed on 
account of the parallel sides, we have 

MJVO = ABC, JVOP^BCD, &.c. 
The polygons are therefore similar, by § 170, 
373, Corollary. The section of a cone made by a 
plane parallel to the base is a circle. 
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Equivalent Pyramids ;ind Cones. 

379. Corollary. If the pei-pendicuiai- ST is let fall 
from S upon the base, meeting tlic section at B., we have, 
hy ^§ 268 and 336, 

AB CD &LC. : MXOP &c. ^ ^B^ : MJT^ = SA : SM^ 

or, tlie base of a pyramid or cone is, to the section matle 
by a plane parallel to the base, as the square of (he alti- 
tude of ibe pyramid is to the square of the distance of 
the section from the vertex. 

380. Corollary. If two pyramids or cones have the 
same altitude and iheir bases in the same plane, iheir 
sections made by a plane parallel to the piano of their 
bases are to each other as iheir bases. 

If the bases are equivalent, the sections are equiva- 
lent. 

If the bases arc equal, the sections are eqnal. 

SSI. 7'heorem. Two pyramids or two coues which 
have equal bases and altitudes are equivalent. 

Proof. For, if their bases are placed in the same plane, 
their sections made by a plane parallel to the plane of 
their bases are equal ; and, therefore, by § 342, the pyr- 
amids are equivalent. 

3S2. Theorem. A triangular pyramid is a third part 
of a triangular prism of the same base and ahitude. 

Proof. From the vertices B, C (fig. 175) of the tri- 
angular pyramid S ^BC, draw BD, CE parallel to 
SA Draw SB, 'SE parallel to ^B, ^C, and join CE ; 
JtBC SDE is a triangular prism. 

The quadrangular pyramid S BCED is divided Ijy 
the plane SBE into two triangular pyramids S BED, 
S EEC, which are equivalent ; for their bases BED, 
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BEC ave equal, by ^ 77 ■ aud their common altitude is 
the distance of their common vertex S from the plane of 
their bases. 

Again, if the plane SED is taken for the base of 
S BED and the point J3 for its vertex, the pyramid 
B SDE is equivalent to S ABC, for their bases SED, 
■SBC are equal, and their common altitude is the altitude 
of the prism. 

But fUe sum of the three equal pyramids S ABC, 
S BED, S BEC is the prism ABC SDE, and, therefore, 
either pyramid, as S ABC, is a third part of the prism. 

383. Corollary. The solidity of a triangular pyra- 
mid is a third of the product of its base by its altitude. 

334. Theorem. The solidity of any pyramid is one 
third of the product of ils base by its altitude. 

Proof. The planes SAC, SAD, &c. (fig. 17l) divide 
the pyramid S ABCD &c. into triangular pyramids, 
the common altitude of which is the altitude of the entire 
pyramid. Hence the solidity of the entire pyramid is one 
third of the product of the sum of their bases ^BC, ACD, 
&c., by the common altitude, that is, one third of the en- 
tire base by the altitude of the pyramid, 

385. Corollary. The solidity of a cone is one fhird 
of the product of its base by its altitude. 

3SQ. Corollary. Pyramids or cones nre to each 
other as the products of their bases by iheir altitudes. 

387. Corollary. Pyramids or cones of the same al- 
titude are to each other as their bases ; and those of 
equivalent bases are to each other as their altitudes. 

3SS. Corollary. Pyramids or cones of equivalent 
bases and equal altitudes are equivalent. 



HnslcdhyGoOgIC 



CH. XVI. § 392.] 



389. Corollary. Any pyrsmid or cone is a third 
pait of a prism or cylinder of die same base and alti- 
tude. 

390. Corollartj. Denoting by It the radius of the base 
of a cone, by H its altitude, by V its solidity, and using n, 
as in § 237, we have, by ^^ 369 and 389, 

F=j™x ii^Xi?. 

391. Definitions. A truncated prism is the portion 
of a prism cut off by a plane inclined to its base, as 
JIBC BEF {dg. 17C). 

The base of the truncated prism is the same as the 
base of the prism from which it is cut. 

392. Theorem. A truncated triangular prism is equiv- 
alent to the sum of three pyramids, which have for their 
common base the base of the prism, and for their ver- 
tices the three vertices of the inclined section. 

Proof. Draw the plane FAC (fig. 116), cnttmg off 
from the truncated triangular pi-ism ABC DEF the pyra- 
mid FABC, which has ABC for its base, and F for its 

There remains the quadrangular pyramid FACDE, 
which the plane FE C divides into the two triangular pyra- 
mids FAEC and FCDE. 

Now FAEC is equivalent to the pyramid BAEC, which 
has the same base JlEC, and the same althiide, because 
the vertices F, B are in the line FB parallel to this base. 
But ABC may be taken for the base of FABC, and E 
for its vertex. 

Lastly, 

the pyramid FE CD = the pyramid BE CD, 
for they have the same base ECD, and the same altitude, 
10* 
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because Iheir vertices F, B are in the line FB |)urii]lel to 
Ihia base. Also, taking E as the vertex of BE CD 
the pyramid l!BCD = tlie pyramid JiBCD, 
for, they have the common base BDC, and their vertices 
Jl, E are in the line JiE parallel to this base. But ^BC 
may be taken for tiie base of AD CD, and D for its ver- 
tex. 

Hence tbe truncated prism is equivalent to the sum of 
three pyramids, which have the common base AB C, and 
for tlieir vertices E, F, and D. 

393. Definitions. Tf a pyramid or cone is cut by a 
plane parallel to its base, the portion which remains 
after taking away the smaller pyramid or cone, is called 
the frustum of a pyramid or cone^ as JiBCD &c. 
MJfOP &.C. (fig. 171.) 

The com&x surface of tlse frustum of a pyramid is 
the sum of the trapezoids ivhich compose its lateral 
faces. 

The polygons ABGD &c., MJ^OP &c. are the 
bases of the frustum, and the distance between ils bases 
is ils altitude. 

394. CoroUary. The frustum of the right cone (fig. 
174) may be considered as generated by the revolution of 
the trapezoid OO'Jl'Jl about the side 00'. 

The side AA', which is called the side of Ihe frustvM, in 
this case, generates the convex surface. 

395. Theorem. The area of the convex surface of 
the frustum of a regular pyramid is half the product 
of the sura of the perimeters of its bases by the altitude 
of either of its trapezoids. 

Proof The trapezoids ABMJV, BCJVO, &c, (fig. 172) 
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are all equal ; and the area of each is half the product of 
the sura of its parallel sides by their common altitude 
BH'. The sum of their areas, or the area of the convex 
surface of the frustum is, therefore, haif (he product of 
this common altitude, by the sum of all the parallel sides, 
that is, by the sum of the perimeters of the bases of the 
frustum. 

396. Corollary. If a section M'N'O'P' &c. is made by 
a plane parallel to the bases, and passing through the 
middle point R' of the altitude, it must, by ^ 336, bisect 
the lines SM, BK, &c. ; and the area of each trape- 
zoid is, by ^ 255, the product of its altitude by the line 
Jtf'A*', ^'0', &c. 

The area of the convex smface of the frusliim is, 
therefore, the product of the altitude hy the sum of these 
lines, that is, by the perimeter of the section made by 
the pkiie which bisects the lateral sides oftlie frusimii. 

397. Corollary. The area of ihe convex surface of 
ihe frustum of a right cone is half the product of its 
side by the sum of the circumferences of the bases ; 
or it is the product of the side by tlie circumference 
of the seclion parallel to the bases which bisects the 
side. 

398. Theorem. The area of the surface, described 
by a line revolving about another line in the same 
plane with it as an axis, is the product of the revolv- 
ing line by the circumference described by its middle 
point. 

Proof, a. If the revolving line is parallel to the axis, 
as in (fig. IC6), it describes the convex surface of a right 
cyhnder, the area of which la, by ^ 353, tho product of 
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the circumferenco of the base by the altitude. But the 
altitude is equal to the revolving line, and (he circum- 
ference of the base is, by ^ 354, equal to the circum- 
ference described by the middJe point ; and, therefore, in 
this case, the area of the surface described- is the product 
of the revolving line by the circumference described by 
its middle point. 

b. If the revolving line ia inclined to the axis without 
meeting it, the surface described ia the convex surface of 
the frustum of a right cone ; and its area is as, in ^ 397, 
the product of the revolving line by the circumference de- 
scribed by hs middle point. 

c. Wlien the revolving line meets the axis without cut- 
ting, the surface described ia the convex surface of a right 
cone, and is included in the preceding case by considering 
it as a frustum whose upper base is the vertex of the 
cone. 

393. Scholium. The case, where the revolving line cuts 
the axis, is not included in the preceding theorem. 

400. Theorem. The frustum of a pyramid or cone 
is equivalent to the sum of three pyramids or cones, 
which have foi' their common aldlude the altitude of the 
frustum, and whose bases are the lower base of the 
frustum, its upper base, and a mean proponioiial between 
them. 

Proof. Let JIBCD &c. JilJVOP &,c. (fig. HI) be the 
given frustum, iJenote the area of the lower base ABCD 
&,c. by V, and that of the upper base IfJVOP &c. by F ; 
and denote the altitude ST of the greater pyramid by II, 
the altitude SR of the less pyramid by H', and the alti- 
tude ET of the frustum by M". 

Since the frustum is the difference between the pyra 
mids, we have for its solidity, by 5| 384, 



HnslcdhyGoOgIC 



CH. XVI. § 335.] SOLIDS. 123 

Solids of a Friistiim of a PyramiJ or Cfm: 

J rX H-l V'X ff, 
and, for the sum of three pyramids, which have //■' for 
their altitude and for theic bases V, V and the mean pro- 
portional .yVV' between f^and V', 

= \n" X v^\H" X V'-\-\H" X -yvv, 

and we are to prove that these solidities are equal, or that 
Vx n— V X H'= Fx fl" +F X H" + '/VWX H". 
Now IF' = //— FT, 

and, by ^ 373, 

whence ^V: ^V = 11: H, 

and, muhiplying extremes and means 

^Vx H' = VV' X H. 
If we multiply this equation successively by y T and y' '^ 
we obtain, by transposing Ihe members of the first pro- 
duct, 

VVWx 11= VX B', 
^TV' X II =V' X H; 
Ihe difference between which is 

V ^^^ X {H— H) = VX H'—V'x il, or 

y W^ xii"^vxiF—y'xii- 

And if we add to this last equation the equations 
VxB"=rx H—VX II' 
V> X If'^r' X H— V X H', 
we get, by cancelling the terms which destroy each other, 
^'fWxJ^'-\-VxIi" + y'Xrf'=yx fI~V'XH', 
which is the equation to be proved, and the solidity of the 
frustum is therefore equal to 

iH" X {v+ r + s/FFy: 
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40]. CoroUaiij. If R is the radius of the iower base 
of the frustum of a cone, and It' the radius of the upper 



:, by § 280, 
hence 



and the soUdify of the fi'ustum is 

j™ X /f" X (R3 + K'^ + R X E'). 
402. Scholium. Tiio solidity of siny pdyedron 

Ijc found by dividing It into pyramids. 



CHAPTER XVII. 

SIMILAR SOLIOa. 

403. Dcfinilion. Similar polyedrons are those in 
which ihe homologous solid angles are equal, and the 
homologous faces are similar polygons. 

404. Corollary. Heuce, from § 170, the sides of 
similar polyedrons are proportional to each other, 

405. Corollary From § 2GS, the faces of similar 
polyedrons are to eich other n=5 the square of iheir 
homologous sides ind, fiom the theory of propor- 
tions, the sums of the fates oi the eniire surfaces of 
(he polyedrons aie ilao to en h oihci is the squares of 
the homo! ego us si lies 
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406. Corollary. The bases of similar prisms or 
pyramids are to each oiher as the squares of their alti- 
tudes ; and the perimeters of their bases are to each 
Other as iheir altitudes. 

407. Corollary. The bases of similar cylinders or 
cones are to each other as the squares of their altitudes ; 
and their altitudes are to each other as ihe circumfer- 
euces of the bases, or as the radii of the bases, 

403. Corollary. The convex surfaces of similar 
prisms, pyramids, cylinders, or cones are to each other 
as their bases, or as the squares of their altitudes. 

409. Corollary. The convex surfaces of similar 
prisms or pyramids are to each other as the squares of 
their homologous sides. 

410. Corollary. The convex surfaces of similar 
cylinders or cones are to each other as the squares of 
the radii of their bases. 

411. Theorem. Similar prisms, pyramids, cylinders, 
or cones are to each other as the cubes of their alti- 
tudes. 

Proof. Prisms, pyramids, cylinders, or cones are to 
oa,ch other, by ^ 366 and 386, as the products of their 
bases by tlieir altitudes. 15ut where these solids are 
similar, their bases are (o each other, by § 406 and 407, 
as the squares of their altitudes ; and the products of the 
bases by their ahitudes, or their solidities are to each 
other, as the products of the squares of their altitudes by 
their altitudes, or as the cubes of their altitudes. 

412. Corollary. Similar prisms or pyramids are to 
each other as the cubes of their homologous sides. 
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413. Corollary. Similar cylinders or cones arc to 
each othei' as the cubes of the radii of their bases. 

414. Theorem,. Similar polyedi'ons are to each oiher 
as the cubes of their homologous sides. 

Proof. Let a polyedron be divided into pyramids by 
drawing lines from one of it3 vertices to all its other ver- 
tices ; any similar polyedi-on may be divided into similar 
pyramids by lines similarly drawn from the homologous 
vertex. 

Now these similar pyramids are to each other, by 
§ 4.11, as the cubes of their homologous sides, or as the 
cubes of any two homologous sides of the poiyedrons ; 
and, from the theory of proportions, their sums, that is, 
the poiyedrons themselves, are to each other in the same 
ratio, or as the cubes of their homologous sides. 



CHAPTER Xyill. 

THE SPHERE. 

415. Defmition. A sphere is a solid terminated by 
a curved surface, all the points of which are equally dis- 
tant from a point within called the centre. 

41G. CoroUarij. The sphere maybe conceived to bo 
generated by the revolution of a semicircle, DAE {fig. 



m) about its dia 

417. Definitions. Tlie radius of a sphere 
straight line di^aivn from the centre to a point i 
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surface ; the diameter or axis is a line passing lliiougli fhe 
centre, and terminated eacli way by tlie surface. 

418. Corollary. All the radii ofa spliero are cfjual ; 
and all its diameters arc also equal, and double of the 
j-adins. 

419. Theorem. Every section of a splierc made by 
a plane is a circle. 

Proof. From the centre C (fig. 173) of the sphere 
draw the perpend icn!ar CO to the section :MMB and the 
radii CA, CM, CB, &,c. Since these radii are equal, 
they must, by ^ 321, terminate in a circumference JiMB, 
of which O is the centre. 

420. Definitions. The section made by a plane 
which passes thi-ough the centre of tiie sphere is called 

, a great circle. Any other section is called a sjnall 
circle. 

421. Corollary. Tho radius of a great circle is the 
same as that of the sphere, and therefore all the great 
circles of a sphere are equal to each other. 

422. Corollary. The eentpe of a small circle and 
that of the sphere are in the same straight line perpen- 
dicular to the plane of the small circle. 

423. Definition. The points, in which a radius of 
liie sphere, perpendicular to the plane ofa circle, meets 
the surface of the sphere, are called ihe poles of the cir- 
cle ; thus P, F are the poles of JIMB. 

424. Corollary. Since the oblique lines PM, PM, 
Sue. are equally distant from the perpendicular PO, they 
are equal ; and also the arcs of great circles P^S, PM, 

n 



HnslcdhyGoOgIC 



SOLID GEOMETRY. [Cll 



&c. are, by § 113, equal ; that is, the po'e of a circle is 
equally distant fmm all the points in the circumference 
of the circle. 

425. Corollary. Since the distance DM (fig. 177) 
of a point, in the circumference of a great circle from 
the pole, Is mcasLireil hy vho right angle BCM, h k a 
quadrant. 

426. SchoSkim. By means of poles, ares may be 
traced upon the surface of a sphere as easily as upon 
a plane surface. 

We see, for example, that by turning the arc DF (fig. 
m) about the point D, the extremity F describes tbp 
small circle FJVG ; and by turning the quadrant DF.S. 
about the point D, the extremity ..3 describes the arc of a 
great circle .HM. 

427. Theorem. A point upon the surface of a sphere 
which is at the distance of a quadrant from each of 
two other points, is one of the poles of the great circle 
which passes through these two points. 

Proof. Thus, if the distances DJi, DM (fig. ill) are 
quadrants, the angles J>C.^ and DCMa.ee right anglea, 
and, therefore, by ^ 318, DC is perpendicular to the cir- 
cle MMIi, and its extremity D is, by ^ A23, a pole of the 
circle ABM. 

428. Corollary. Since the common intersection of 
two great circles is, hy § 420, a diameter, they bisect 
each other. 

429. Theorem. Every great circle bisects the sphere. 
Proof. For if, having separated fho two hemispheres from 

each other, we apply the base of one to that of the other, 
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turning the convexities the same way, the two surfacea 
must coincide ; otherwise, there would be points In these 
surfaces uiiequaliv distant from the centre. 

430. Definitions. A spherical triangle is a part of 
the sufface of a sphere comprehended by three arcs of 
great circles. 

These arcs, which are called the sides of the tri- 
angle, are always supposed to be smaller each than a 
semicii'comference. The angles, which their planes 
make with each other, are the angles of the triangle. 

Since the sides are arcs, they may be expressed in 
degrees and minutes, as well as the angles. 

4'Sl. Definitions. A spherical triangle takes the name 
o(right, isosceles, and equilateral, like a plane triangle, 
and under the same circumstances. 

432. Definition. A spherical polygon is a part of 
the surface of a sphere terminated by several arcs of 
great circles. 

433. Definitions. The portion of a sphere compre- 
hended between the halves of two great circles is called 
a spherical wedge, and the portion of the surface of the 
sphere comprehended between them is called a lunary 
surface, and is the base of the wedge. 

434. Definitions. A spherical pyramid is the part 
of a sphere comprehended between the planes of a solid 
angle whose vertex is at the centre. 

The base of the pyramid is the spherical polygon in- 
tercepted by these planes. 

435. Definition. A plane is tangent to a sphere, 
when it has only one point in common with the surface 
of the sphere. 
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436. JJefmiiiom. When Iwo parallel planes cut a 
sphere, the portion of the sphere comprehended between 
tlierii is called a spherical segmpM, and t!ie portion of 
the smface of the sphere comprehended between them 
is called a zone. 

The bases of the segment are the sections of the 
sphere, and llie bases of the zone are the ch'ciniifcrences 
of the sections. 

The altitude of the segment or zone is the distance 
between the sections. 

One of the culling planes may be tangent to the 
sphere, in which case the zone or segment has but one 
base. 

437. Definition. While the semicircle D^E (fig. 
177) turning about the diameter DE describes a sphere, 
every circular sector, as IJCF or FCH, describes a 
solid, which is called a spherical sector. The base of 
the sector is the zone generated by tiie arc DF, or FH. 

438. Theorem. Either side of a spherical triangle 
is less than the sum of the other two. 

Fronf. From the centre O (fig. 179) of the sphere 
draw the radii 0.3, OB, OC to the vertices .3, B, C of 
the spherical triangle ^BC. The three plane angles 
AOB, JIOC, BOG form a solid angle at ; and each of 
these angles is, by ^ 338, less than the sum of the other 
two. But they are measured by the arcs MB, AC, BC ; 
an<], therefore, each of these arcs is less than the sum of 
tho other two. 

439. Theorem. The sum of the sides of a spheri- 
cal polygon is less than the circumference of a great 
circle. 
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Sum of tl]6 Sides ofa Spliorical Polygon. 

Proof. From tho centre O (fig. 180) of the sphere 
draw the raiJii OA, OB, OC, &c. totbe vertices ^, B, C, 
&.C. of the spherical polygon ^BC iLc. The plane an- 
gles £.0B, BOC, &.C. form a solid angle at ; and tlie 
Slim of these angles is, by ^ 339, less than four right 
fuiglea. The snm of the arcs MB, BC, CD: ^c. is, con- 
sequently, less than a circumference of a groat circle. 

440. Corollary. If then, we denote the sides of a 
spherical triangle by a, b, c, we have 

ffl + 6 -f c < 360°. 

441. Theorem. The angle formed by two arcs of 
great circles is measured by the arc described from its 
vertex as a pole, and included between its sides. 

Proof. The arc AM (fig. 177) measures the angle 
MCM, which, by § 31.5, measures the angle of the planes 
DCA and DCM; and therefore, by ^ 430, it measures 
the angle .ADM. 

442. Corollary. The value of ihe ai-c AM expressed 
in degrees, minutes, &.C., is the same as that of ADM. 

443. Theorem. If from the vertices of a given 
spherical triangle as poles, arcs of great circles are 
described, another triangle is formed, the vertices of 
which are the poles of the sides of the given triangle. 

Proof. Bet ABC (fig, l^^) be the given triangle ; let 
EF, DF, and DE be describei), respectively, with A, B, C 

Then, since E is in the arc EF, the distance from E to 
A is, by ^ 426, a quadrant ; and since E is in the arc 
DE, the distance from E to (■ is also a quadrant; and, 
therefore, by ^ 427, jE is a pole o£AC. 

In the same way it may be shown, that i? is a pole of 
BC, and Fa poleof.,aB. 
11* 
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Sidca nnd Angles of polar Tmngle. 

444. Definition. The friangle DEF ts called ihe 
polar triangle of ^BC, and in the same way ^BC is 
ihe polar triangle of DEF. 

As several different triangles might be formed by pro- 
ducing tlie sides DE, EF, and DF, we shall limit our- 
selves to the one DEF, such that the polo D of liC ia on 
the same side of BC with the vertex A; E is on the same 
side of .3C with the vertex S ; and i^" is on the same aide 
of .^B with the vertex C. 

445. Theorem. If the sides and angles of a spheri- 
cal triangle and of its polar triangle are expressed in 
degrees, minutes, &c., the sides of either triangle thus 
expressed are respectively supplements of the angles of 
the Other iriangle. 

Proof. Produce the sides .^B, AC (fig. 181), if neces- 
sary, to G and //. 

Since Fis the pole of dB, and E the pole of JIC, we 
have, by § 435, 

EII^FG ^900. 
Hence 

EF^E!I+ HF^=-90° -)- IIF 
Gir-= GF—HF--=90o — JIF, 
and, fhci'efoi'p, 

EF + GH=lQO°. 
But, by ^411 and 442, 

G!//=the angle BAG, 
whence 

EF + the angle fi^ C = 1 SO'' ; 
that is, the side EF and the angle BAG are supplements 
of each other. 

In the same way it may be shown, that DF and the an- 
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gk- ABC, DE and the angle ACB, AB and the angle F, 
BC and the angle V, AC and the angle E, are I'espec- 
lively supplements of each other. 

446. Corollary. If therefore we denote the angles of a 
spherical triangle by A, B, C ; and the sides respectively 
opposite by a, b, e l the angles of the polar triangle iirnst 
be 180° — a, 180° — 6, 180° — c; and the sides of (he 
polar triangle 180° — J, IBQO — B, ]S0° — C. 

447. Theorem. The sum of the angles of a spheri- 
cal iriangie is greater than two right angles. 

Proof. Let A, B, C be the angles of the spherical 
triangle. The sides of its polar triangle are 180° — ^, 
■ 180° — -B, and I80° — C. Now the sum of these sides, 
is, by ^ 440, less than 360°, that is, 

3G0°>(I80° — ^)4-(I80=— B)-{-(180°— C) 
or, 

300= > 54.0° — A — B—C, 
or, by transposition, 

A-{-B-{- C^ .540° — 360", 

^-j_B4. C> 180^; 
thftt is, the sum of the angles A, B, C is greater than 
180°. 

448. Theorem. Each angle of a s[iliencal triangle 
is greater than the diifeA-ence between iwo right angles 
and the sum of the other two angles. 

Proof. Let A, B, C bs the angles of a spherical fri- 
augie ; we are to prove that either of these angles, as A, 
is greater than the diiJcrence between 180° and B -f- C. 

a. That is, if fi + C is less than 180°, we are to prove 
Ay !80° — (G-i- C). 
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We have, from the preceding propoBition, 
„3-|-£ 4- C> 180°, 
wlirnce, by transposition, 

S.y. 180° — (-B +- V). 
h. Buf if £ + C is greater than 180°, wc arc to prove 

J>(B 4- C) — 180°. 
Now, ofthe three sides 180° — ^, 180°— if, 180"— C 
of the polar triniigle, each is, by ^ 438, less than the sum 
of the other two ; that is, 

[180° — iJ) -J- (180°— C) > 180° — ^ 

3fi0°— iJ — C> 180° 9, 

aii(i, liy transposition, 

Ay-\-B C — 360° -J- 130°, 

.9>(iJ + C) — 180°, 
as wc wished to prove. 

449. Theorem. If two spherical triangles on the 
same sphere, or on equal spheres, are equilateral with 
respect lo each other, ihey are also equiangular wilh 
respect to each other. 

Proof. Let .ABC, DEF {fig. 182) bo the spherica] 
triangles, of whidi the sides JiB=^DE, AC = DF, and 
liC=-EF. 

Draw the radii OA, OB, OC, O'C, O'E O'F. Tho 
angles ^OBand DO'E are equal, because they are meas- 
ured by the equal arcs JiB and DE ; in the same way, 
AOC^DO-F, JJOC = EO'i'', and therefore, by ^340, 
the angle of the planes AOB, AOC is equal to that of the 
planes DOE, DO'F, that is, BJiC=EDF. 

In like manner, ABC^DEF, and ACB^-^DFE. 
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450. Definilion. Two spherical triangles are sym- 
vielncal, wheu they are eqiiiialeral ant! equiangular with 
respect to each oiher, but cannot be applied to eacli 
other, as ^BC, ABC (fig. 183). 

451. Theorem. If two triangles on the same sphere, 
or on equal spheres, have a side, and the two adj^icent 
angles of the one respectively equal to a side and the 
two adjacent angles of the olher, they are equal, or else 
they are symmetrical. 

Proof. If the two triangles £BC, DEF (fig. 183) have 
the side ^B = DE, the angle BA C = EDF, and the an- 
gle J2BC^DEF; the side DE can be placed upon 
AB, and the sides DF, FE will fall upon AC. BC, or 
upon the sides „aC', BC'of the triangle .SBC', symmet- 
rical to^iJC. 

452. Theorem. If two triangles on the same sphere, 
or on equal spheres, have tivo sides, and the included 
ai5gle of the one respectively equal to the two sides and 
the included angle of the other, ihey are equal, or else 
they are symmetrical. 

Proof, For one of the triangles may he applied to the 
other, OP to its symmetrical triangle. 

453. Theorem. In every isosceles spherical triangle 
ibe angles opposite the equal sides are equal. 

Proof. Let AB (fig. 184) be equal to AC. From J 
draw AD to the middle of BC. 

In the triangles ABD, ACD, the side AD is common, 
the side B.D = OC, and the sideAB^AC; hence, by 
^ 449, the angle ABC^tho angle ACB. 

451 Corollary. Also the angle ADB^ADC, and. 
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therefore, each is a right angle ; and alyo 1MB =- DAC, 
that is, . 

The arc, drawn from ihe vertex of an Isosceles 
sijheiical triangle to the middle of the base, is perpen- 
dicular to the base, and bisects the angle at the vertex. 

455. Corollary. An equilateral spherical triangle is 
also equiangular. 

456. Theorem. If two angles of a spherical triangle 
are equal, the opposite sides are also equal, and the tri- 
angle is isosceles. 

Proof. Let the angle ABC (fig. 184) be equal to the 
angle MCB. Then let A'BC be the symmetrical triangle, 
of which A'B=:AB, and A'C = JiC. 

In the triangles ABC, A'BC, the side BC is common ; 
the angle ^!BC=^ACB, for each is equal to ABC ; and 
the angle ^'C£ = .3BC, for each is equal to ACB ; hence, 
by ^ 450 and 451, the side AC = A'B; and, therefore, 
AC^AB. 

457. Corollary. An equiangular spherical triangle 
is also equilateral. 

458. Theorem. If two spherical triangles on the 
same, or on equal spheres, are equiangular with respect 
to each other, they are also equilateral with respect to 
each other. 

Proof. Denote by A, B two spherical triangles which 
are equiangular with respect to each other ; and by P, Q 
their polar triangles. 

Since the sides of P, Q are, by ^ 445, the supplements 
of the angles of .^, B ; P, Q must be equilateral with re- 
spect to each other ; and, also, by ^ 449, equiangular 
with respect to each other. But the sides of A, B are, by 
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^ 445, the supplements of the angles of P, Q, and there- 
fore A, B are equilateral with respect to each otLev. 

459. TheoTcm. Of two sides of a spherical triangle, 
that is the greater which is opposite the greater angie ; 
and, conversely, of two angles, that is llie greater whicli 
's ojiposiie the greater side. 

Pi'oof. 1. Suppose theangle C>£ (tig. 185). Draw 
CD so as to make the angle BCD = Ii. 

Then, by ^ 455, 

iJO = i>C, 
and JiB^^AB-^- BB^ JlD -\- DC. 

But, by % 438, AD-\-DC~:> AC, 
hence AB > AC. 

2. Conversely. Suppose AB > AC, the angle C must 
be greater than, if ; for if C were equal to or less than 
B, AB would, by ^ 456 and the preceding demonstration, 
be equal to or less than AC. 

460. Theorem. If, of two sides of a spherical tri- 
angle, that which differs most from 90^ is acute the 
opposite angle is acute, and if it is ohtuse the opposite 
angle Is obtuse. 

Proof. Of the two sides AB, AC (fig. 186) of the 
spherical triangle ABC, let ^C be the one which differs 
the most from 90°. Produce AB, BC to B'. 

Since AB, AB' are, by ^ 428, supplements of each 
other, one of them is acute and the other obtuse. Sup- 
pose either of them, as AB' to be acute. Take BH 
= B'ff=90'', and take /JC'^the difference between 
AC and 90°. HA is the difference between AB and 90° ; 
therefore 

HC > HA. 



HnslcdhyGoOgIC 



SOLID GEOMETRY. [CH. SVIII. § ^Gl. 



o. If, then, AC is acute, we have 

5'C' = ^C,that i3^C<B'^. 
Hence, by ^ 459, in the triangle AB'C, 

tlie angle J5' < the angle ACS'. 
But since B' and B are each equal to the angle of the 
planes BAB', BCB', they are equal ; and, therefore, 
the angle B < the angle ACS'. 
Again, since AC is acute and AB obtuse, 
AC<C.AB; 
and, ill the triangle ABC, by ^ 459, 

the angle B < the angle ACS. 
That 13, the angle B is less than either the angle ACB or 
its, supplement ACB' ; but one of these angles must he 
acute, and therefore the angle B is acute. 
6. If.<3C is obtuse, we have 

BC'^AC, 
that is, ACyBA; 

and, therefore, by ^ 459, 

the angle B > the angle BCA. 
Also, as B'A is acute, 

AC > B'A, 
and, therefore, by ^ 459, 

the angle B' > the angle B'CA ; 
that is, the angle B is greater than either the angle ACB 
or its supplement ACB' ; but one of these angles must bo 
obtuse, and therefore the angle B is obtuse. 

4CI. Corollary. Of two sides of a spherical tri- 
angle, the one which differs most from 90° is opposite 
the angle which differs most from 90° ; and, conversely, 
of two angles of a spherical triangle, the one which dif- 
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fers most from 90° is opposite tlie siiJe wliicii differs 
most from 90^. 

462. Corollary. If, of two angles of a spherical 
triangle, that which differs most from 90° is acute, the 
opposite side is acute ; and if it is obtuse, the opposite 
side is obtuse. 

463. Definition. If we suppose the surface of the 
hemisphere to be divided into 360 equal parts, each of 
these may be called a degree of spherical surface ; and 
the degree may be subdivided into 60 minutes, and the 
minute into 60 seconds. 

464. Corollary. Any spherical surface may, then, 
be expressed by that number of degrees, minutes, &lc. 
which has the same ratio to 360°, that the given surface 
has to the hemisphere ; it is also measured by an angle 
of the same number of degrees, minutes, &c- 

465. 2'Aeorem, A lunary surface is measured by 
double the angle of its bounding circles- 

Prvof Let double the angle JOJV (fig. 187), ex- 
pressed in degrees and miautes, be to 360", in any ratio 
as 5 to 48, that is, 

2 ^ : 360" = .S : ISO" == 5 : 48. 
Suppose the arcs of great circles AaA',Jb Jl', &.C. 
to be drawn, so that the angles MA a, a Jih, &c. may be 
all equal to each other, arid each ^^ part of 180°. 

The hemisphere MAPA' is divided into 48 equal lunary 
surfaces AMaS, Aab A', Stc, of which the lunary sur- 
face AMKA' contains 5. Hence, 

the iutiary surface MMJVA' : the hemisphere =5 ; 43 
= 2M«W: 360°, 
12 
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or 2 MJiK is, by ^ 463, the measure of the luaary sur- 
face AMJ^A. 

The denionsti'ation is extended to tlie case in which fho 
angle MJi?^\s incommensurate with 180°, by the princi- 
ples of ^ 98. 

466. Theorem. Two symmetrical spherical triangles 
are equivalent. 

Proof. Let JiBC, J>EF(fig. 183) be two symmetrical 
triangles, of which AB=^BE, AC = 1>F, and iJC== 
EF. 

Let P be the pole of a small circle passing through the 
three points A, B, C ; then the distances PA, PB, PC 
must be eqiial. 

Draw UQ making the angle QBE equal to PAB, and 
draw QE making the angle BE Q equal to ABP. Join 
QF. In Ihe triangles ^BP and QIJE the side J}E = 
AB, the angle QDE^PAB, and QEV = PBA; and, 
therefore, by ^451, the side QO = i'^ and QE^PB; 
and since these triangles are isosceles, they can be applied 
to each other, and are equal. 

In the triangles PAC, QDF, the side P^= QD, the 
side AC^DF, and the angle PAC, being the sum of 
PAB and BAG, is equal to QDF, which is the sum of 
QBE and EBF ; and, therefore, by ^ 452, the side QF 
^=PC ; and since these triangles are isoceles, they are 

In the same way, it may be proved that the isosceles 
triangle PBC is equal to QEF. 

But the triangle ABC = PAC + PBC— PAB, 
and the triangle BEF-^ QBE -\- QEF— QBE ; 

whence the triangle ABC^ the triangle BEF. 

467. Corollary. Hence all spherical triangles, which 
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are equilateral or equiangular with respect to each other, 
are equivalent. 

4S8. Lemma. If two spherical triangles have an 
angle of the one equal to an angle of the other ; and the 
sides which include the angle in one triangle are sup- 
plements of those which include it in the other triangle ; 
the sum of the surfaces of the two triangles is measured 
by double the included angle. 

Proof. Let the triangles bo ABC and DEF (fig. 
189), ill which .a and D are equal ; and AB and AC are 
i-egpectiveJy supplements of DE and DF. 

Produce JIB and AC till they meet !□ A'. JIBA' and 
ACJl' ave, by ^ 423. aemicircumferences. In the tri- 
angles .^'BC and DEF, the angles ^' and D are equal, 
being both equal to A ; A'B and DE are equal, being 
supplements of^B; aaAA'C and DF are equal, being 
supplements of ..30. It follows, therefore, from ^ 467, 
that they are equal in surface. 

But A'BC and ^BCcompose the lunary surface ABCA' 
which is measured by 2 A. Therefore the sum of ABC 
and DEF ia also measured by 2 A. 

469. Theorem. The surface of a spherical triangle 
is measured by the excess of the sum of its three an- 
gles oyer two right angles, or 180°. 

Proof. Let ABC (fig, 190) be the given triangle. 
Produce AC to form the circumference ACA'C, also pro- 
duce AB and BCto form the scmicircumferences .3BA' 
and CBC. 

Then, by ^ 4G5, 

the lunary surface CABC ^2 C, 
the lunary surface ABCA' = 2 ^ , 
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the surface JIBC -\- Ihe siii-race ^BC' = 2. C, 
the surfLi.ee ^iS C -f the surface A'BC==<iJi; 
and, by ^ 468, 

ttie surface ABC + the surface A'BC'^I B, 
for the sides BC and JiB are supplements of iJC and 
Ji'B ; and the angle ABC is equal to the angle ABO. 
The sum of these three equations is 

3 X the surface ABC -{- the surface A'BC 

-j- the surface ABC' ~\- the surface A'BC 

= 2^-i-2B + 2 C. 

But the surface of the hemisphere is, by ^ 4G3, 

the surface ABC + the surface A'BC 

+ the surface ABC + the surface Jj'flC =-360° ; 

which, subtracted from the previous one, gives 

2 X surface^BC = 2„2 + 2£-f-2 P — 360°, 

the surface ^BC = ^ + B + — 180". 

470. Theorem. The surface of a spherical polygon 
is equal to the excess of the sum of its angles over as 
many times two right angles, as it has sides minus two. 

Proof. \^6t ABCDEK ({\^. 191) be the given polygon. 
Draw from the vertex A the arcs AC, JiD, Etc., which di- 
vide it into as many triangles as it has sides minus two. 
By the preceding theorem the sum of the surfaces of all 
these triangles oi the suiface of the poljgon is equal to 
the sum of all their angles dimmished by ab many times 
two right angles as theie aie tnangles that is Ihe sur- 
face of She p bgon la equal to thu sum of ill t'J if;lts 
diminished by as raau\ times two right angle as it has 
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SurfacG described by tha revolution of n regiiUr |ionloo of a Polygon. 

471. Theorem. If a portion ^BCI> (fig. 192) of a 
regular polygon, situated entirely upon the same side 
of a line FG drawn ihroiigh the centre of the poly- 
gon, revolve about FG as an axis, ihe surface gener- 
ated by ABCD has for its measure llie product of the 
circumference inscribed in the polygon by iWQ, which 
is the altitude of this surface, or the part of the axis 
comprehended between tlie extreme perpendiculars t3Jlf, 
BQ. 

Proof. Let / be the middle of ^£, 01 is the radiua of 
the inscribed circle. Draw ]K, BJV, CF, perpendicular 
to FG, and AX perpendicular to ISJV. 

The measure of the surface described by AB is, by 
^ 398, AB X circumference of which Klie radius, which 
circumference we will denote by circumf. KI. 

The triangles OIK, ABX ore similar, since their sides 
are perpendicular to each other ; whence, by ^ 118 and 234, 

AB : AX= 01: JAT^circumf. 01: circumf. IK, 
or, since AX= MJ\\ 

AB : jy.Y= circumf. OJ : circumf. IK ; 
and, multiplying extremes and means, 

AU X circumf. IK=^ JTfJV X circumf. 01. 
Whence the area of the surface described by JIB is the 
product of the circumference of the inscrilied circle by 
the ahihide MJV. 

In like manner the area of the surface described by BC 
is the product of the circumference of the inscribed circle 
by the altitude JVP ; and that described by CD is the pro- 
duct of this circumference by PQ. 

Hence the urea of the entire surface described by 
ABCD is the product of the circumference of Ihe in- 
12* 
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scribed circle by the sum of the altitudes MX, JVT, PQ ; 
that is, hy the entire altitude MQ. 

472. Corollary. If the axis FG passes ilirough the 
opposite vertices F, G, the area of the surface described 
hy the semlpolygon FACG is the product of the cir- 
curaference of the inscribed circle by the axis FG. 

473. Corollary. If the sides of the polygon arc infi- 
nitely small, the polygon becomes a circle, the entire 
suvface generated is that of a sphere, of which the gen- 
erating circle is a great circle ; and the surface generated 
by the circular segment ABCD is a zone. 

Hence the area of the surface of a sphere is the 
product of its diameter by the circumference of a great 

And, the area of a zone is the product of its altitude 
by the circumference of a great circle. 

474. Corollary. Since the area of the great circle is, 
by ^ 279, half tlie product of its radius by its circum- 
ference ; or one fourth of Ihe product of its diameter by 
its circumference, it is one fourth of the surface of the 
sphere ; that is 

The surface of a sphere is equivalent to four great 
circles. 

475. Corollary. If we denote by R the radius of the 
sphere, by C the circumference of a great circle, by S the 
surface of tho sphere, and by ji the ratio of the circumfer- 
ence to the diameter, aa in Ej 237 ; we have 

C = 2t X R 
5 = 3 7. X-HX2H = 47iXE3 

476. Corollary. If we denote in the same way, by S, 
and S' the radius and surface of a second sphere, we have 

S' -= 4 JI X -R'^ 
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whence 

S: S' -= 4 K X -fi* r 4 jT X Il'^ = R^: E'=, 
that is, the surfaces of spheres are to each olher as the 
squares of their radii. 

477- Corollary, Zones upon the same sphere are 
(o each other as their ahitudes ; au<i a zone is to the 
surface of its sphere as its altitude is to the diarneler of 
tlie sphere, 

478. Theorem. The sohdity of a sphere is one 
tliird of the product of its surface hy its radius. 

Proof. For the surface of the siihere may be con- 
sidered as composed of infinitely small jilanea ; and each 
of these planes may be considered to be the base of a 
pyramid, which has its vertex at (he centre of the sphere, 
and, consequently, an altitude eqtiai to the radius of the 
sphere. The sum of the solidities of these pyramids is, 
thcB, one third of the product of the sum of their bases 
by their common altitude, thai is, the solidity of the 
sphere is one third of the product of its surface hy its 
radius. 

479. Corollary. In the same way, the hase of a 
spherical pyramid or sector may bo considered as com- 
posed of planes, and, therefore, the solidity of a spheri- 
cal pyramid or sector is one third of the product of the 
polygon or zone, which serves as its base, by iis radius, 

480. Corollary. Spherical pyramids or sectors of 
the same sphere are to each other as their bases ; and 
a spherical pyramid or sector is to the sphere of which 
it is a pari, as its base to the surface of the sphere. 

481. Corollary. Hence, by § 477, spherical sec- 
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tors upon the same sphere are to each olber as the alti- 
tudes of the zones, which serve as their bases ; and a 
spherical sector is lo the sphere of which it is a part, as 
the altitude of its base to the diameter of the sphere. 

482. Corollary. Denoting by R the radius of the 
sphere, by S its surface, by Fits solidity, and by it the 
ratio of a circumference to its diameter, we have, by 
^ 475, and 478, 

« = 4n X B.^ 

433, Corollanj. Denoting, in liiie manner, by K' and 
"P the radius of another sphere, we have 

whence 

F: r' = <nX B3:i7r X R'3 = fi'3:fi'3; 
that is, spheres are to eacb other as the cubes of their 
radii. 

484. Corollary. Denoting by B the radius of a sphere, 
by C the circumference of a great circle, by ffthe alti- 
tude of a 70iie, by Z the surface of the zone, by Fthe 
solidity of its corresponding sector, and using n as before, 

from § 473, 

Z-=CX //=2'r XRXII, 

and, from ^ 479, 

r=ixx ii^ln X R^X H. 

485, Corollary. Tile solidity of the spherical seg- 
ment of one base less than a hemisphere, generated 
by the revolution of the portion ABC (fig. 193) of 
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a ciicle ibout t!ie ralus OA, may be found by sub- 
tiacting tint of tlie ngbt cone generated by OBC, from 
tbat ol the spbencil sectoi geneiated by A OB. 

In like manner the solidity of tbe spherical segment 
of one bise greatei than a hemisphere generated by the 
reioluimn of ABC, may be found by adding that of 
tbe light cone generated by OBC, to that of the sec- 
loi geneialedbv AOB 

4*^6 Coullaui The solidity of the spherical seg- 
meit ot two bases eenenred by CBB'O (fig. 193), 
ibont the liametei ADA may be found by siibtract- 
iig that of ibe SL^iiPnt o! one base generated by ABO 
fiom jhat o! iht. tegncnt of one base generated by 
ABC 



CHAPTER XIX. 

REGULAR I'OLYEDRONS. 

4S7. Definitions. A regular polyedron is one, all 
whose faces are equal regular polygons, and all whose 
solid angles are equal to each otlier. These conditions 
can be fulfilled in only a small number of cases. 

a. If tbe faces are equilateral triangles, polyedrons 
may be formed of them, liaviog solid angles coniained 
by three of these triangles, by four, or by five. No 
other polyedron can be formed with equilateral triangles, 
for six angles of such a triangle are equal to four right 
angles, and cannot, by § 339, form a solid angle. 
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6. If the faces are squares, their angles may be ar- 
ranged by threes. But four angles of a square are equal 
10 four right angles, and cannot form a solid angle. 

c. If the faces are regular pentagons, their angles 
may hkewise be arranged by threes. 

d. We can proceed no further; for three angles of 
a regular hexagon are equal to four right angles ; three 
of a heptagon are greater. 

4BS, Corollary. There can be only five regular 
pojyedrons ; three formed with equilateral triangles, one 
with squares, and one with pentagons ; and in three of 
these polyedrons each solid angle is formed by three 
plane angles, and in one of them by four, and in one by 
five plane angles. 

489. Problem. To find the number of faces of i[)e 
regular polyedrons. 

Solution. Denote the number of plane angles by which 
each solid angle is formed by in, and the number of sides 
of eacli face by ». 

Now if is evident from the symmetrical character of tlie 
regular polyedron, that a sphere can be circumscribed 
about it ; and, if the adjacent vertices of tbe polyedron 
are joined by arcs of great circles, the surface of the 
apbere is diviiled into as many equal regular spherical 
polygons as the polyedron has faces, and the number of 
sides of each spherical polygon is », or the same as that 
of Ihe face of the polyedron. 

Moreover, the number of spherical angles which are 
formed at each vertex is m ; but their sum is equal to that 
of four right angles, and, since (hey ore equal to each 
other, each must be represented by 360° divided by m; 
that is, denoting each spherical angle by u3. 
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A = 360° -H m. 

Again, the sum of the angles of each spherical polygon 
is H X -3 ; and therefore ihe surface of the polygon, 
which we shall denote hy S, is, by § 470, 

S=»i X .« — («— 2) X 180°, 
or S = n X 560" -r- m — (n — 2) X ISO". 

Hence the number of faces is easily found, and is equal 
to the number of times which S is contained in the sur- 
face of the sphere, or, by ^ 464 in 720°. 

490. Corollary. Wlun the polyedron is composed of (qui- 
lateral triangkn, we have n = 3, whence 

5=1030° -=-m — 180". 

a. If, then, ihe number of plane angles aC each vertex ts 
3, we have m = 3, whence 

8 = 360"— 180° = iaO°, 
which is contained 4 times in 720°, and therefore this 
polyedroii is a ietraedron. 

b. If ihe number of plane angles at each vertex ts 4, we 
have m = 4, whence 

5' = 270°~180= = 90°, 
which is contained 8 times in 720°, and, therefore, thia 
polyedron is an oclaedron. 

c. Jf the nvmher of plane angles at each vertex is S, we 
have m = 5, whence 

S = ai6°~.ia0'>=^36'', 
which is contained 20 times in 720°, and therefore this 
polycdvon is an icosaedron. 

491. Corollary. fVhen Ihe pohjcdfon is composed of 
squares, we have «=^4, and, hy ^ 480, m = 3, whence 

S = 480°— 360'> = 120°, 
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which is contained 6 times in 720°, and therefore this 
polyedron is a kexaedron or cube. 

492. Corollary. Wlten the polyedron is composed of 
regular pentagons, we have n = 5, and, by § 486, !ji = 3, 
whence 

5 = 600° — S40<^-=60<3, 
which ia contaiued 12 times in 720°, and therefore this 
polyedron ia a dodecaedron. 
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